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Abstract

We considera heavy piston in an in nite cylinder surrounded by ideal gaseson
both sides. The piston moves under elastic collisions with gasatoms. We assume
here that the gasesalways exert equal pressureson the piston, hencethe piston
remains at the so called medanical equilibrium. Howewer, the temperatures and
densitiesof the gasesmay di®er acrossthe piston. In that casesomeearlier studies
by Gruber, Piase&i and others reveal a very slov motion (drift) of the piston in
the direction of the hotter gas. At the sametime the energyis slowly transferred
acrossthe piston from the hotter gasto the cooler one. While the previous studies
of this interesting phenomenonwere only heuristic or experimertal, we provide rst
rigorous proofs assumingthat the velocity distribution of the ideal gas satis es a
certain \cuto®" condition.
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1 Intro duction

Consideran isolated cylinder Tled with anideal gasand divided into two compartmerts
by a large piston which is free to move along the axis of the cylinder, Fig. 1. The piston
interacts with the gasatoms via elastic collisions. Assumethat the gasin eat com-
partment separatelyis at equilibrium with temperature and density T, ;n; and T, ;n.,
respectively. Let the gasesexert equal pressureson the piston, i.e. let

P.

Then the systemis at the so called mechanial equilibrium, and accordingto the laws of
thermodynamicsthis state should be (macroscopically)stable.

Ny, T+ Py

Figure 1: Piston in a cylinder Tled with gas.

Howe\er, the systemas a wholeis not in a true equilibrium state, unlessT, = T,,
hencemicroscopicallyit is not stableyet and should nd waysto ewlveto atrue, thermal
equilibrium, in which T, = T,.. This was predicted earlier by Landau and Lifshitz
[CC]l, Feynman [H] and others. Recerly Gruber, Piase&i and Frachebourg and others
[GR, GH, GPL, P derived heuristically, by meansof kinetic theory and the Liouville
equation, exactformulas describingthe slow drift of the piston and the slow heat transfer
from the hotter gasto the cooler gas.

Our goalis to derive rigorously the main formulas of [IGH, [GH, GPL, P] describing
the slow drift of the piston and the slow heat transfer betweenthe gases.

The piston model trivially reducesto a one-dimensionakystemby the projection onto
the axis of the cylinder. Then one obtains an ideal gason an interval, and the piston
itself becomesa heavy point particle. The motion of a heary particle in an in nite ideal
gasof light particles is a classicalexampleof Brownian motion studied by van Kampen
[VK]] and many others [0, H, DGL], GH, GP, A.

We considera one-dimensionaldeal gason the ertire line, without boundaries. The
heavy piston isinitially placedat the origin X (0) = Oandis at restV(0) = 0. The initial
con guration of gasatoms and their velocities is chosenat random as a realization of a
(two-dimensional) Poissonprocesson the (x; v)-plane with density p(x; v). This means
that for any domain D %2 IR? the number N, of gasparticles (x;v) 2 D at time t = O is



a Poissonrandom variable with parameter
ZZ

.,D = p(X; v) dx dv
D

The system ewlves accordingto the rules of elastic collisions. Denote the massof the
piston by M and the massof an atom by m. Sinceatoms have idertical massestheir
collisionscan be ignored. When an atom with velocity v collideswith the piston, whose
velocity is V, their velocities after the collision are given by

o_ Mim N 2m

= \Y} 1.1
M+ m M+ m (1.1)
Mim M

V= —L v+ 1.2

IM+m M+ m (1.2)

Theserulespresenethe total kinetic energyand the total momertum. Betweencollisions,
all the particles and the piston move with constart velocities.

The position X (t) and velocity V (t) = dX (t)=dt of the piston make a random process
whosecharacteristics are determined by the initial gasdensity p(x;v). It is natural to
assumethat p(x; v) is symmetricin v and spatially homogeneousi.e. p(x; v) = p(v) and
p(v) = p(j v). We canset p(v) = nf (v), wheref (v) = f (j v) is a probability density
and n > 0 is a (constart) spatial density. Then one can approximate X (t) and V(t) by
certain Gaussianstochastic processes:

Theorem 1.1 (Holley [H]) Letthedensityf (v) havea nite fourth momenth4f (v)dv<
1 . Then for every nite to < 1 , the function V(t) M on the interval [0; to] convemges,
in distribution, asM ! 1 and M=n! const to an Ornstein-Uhlenleck velcity
processV;, while X (t) M convemgesto an Ornstein-Uhlenkeck position processX;.

An Ornstein-Uhlerbedk process(X;; V;) is de ned by [Né]
p__
dXt = Vt dt, th =i th dt + D th

wherea > 0, D > 0 are constarts and W; a Wiener process. The Ornstein-Uhlerbed
position processX; corvergesin an appropriate limit (e.g.a! 1, a’>=D = const) to a
Wiener process.
We note that DNt et al [DGL]] extendedthe above theoremto arbitrary dimensions.
Our paper concernswith another physically interesting situation, where the initial
density is not spatially homogeneousbut a spatial homogeneiy is assumedseparately
for the gasedo the right and to the left of the piston. Sowe assumethat
Ya
p.(v) forx>0

PG V) = p; (v) forx<O0



and we also assumesymmetry: p, (v) = p; (i v) and ps(v) = p:(j v). We can set
ps (V) = ngfg(v), wherefs(v) = fs(j v) are probability densitiesand ng > 0 are
(constart) spatial densities.
In addition, we want to excludea \macroscopicmotion” of the piston in either direc-
tion by requiring that its velocity vanishesasm=M ! 0. This is equivalert to
Z, Z,
n, v (v)dv = n, V3, (V) dv (1.3)
0 0
as it was shaovn heuristically in [CPS] and under some conditions rigorously in [CLY].
The physical interpretation of Eq. ([.3) is the pressurebalance. If we de ne the pressures
of the gasesby Z,
Pg = Mng V2f§ (V) dv
il
(which would be a proper thermodynamical pressureif the velocity distributions were
Maxwellian), then the condition (L.3) meansexactly that P, = P.. Similarly, we can
de ne the temperature of the gasesby

R
2
. ps dv

(this is sometimescalled the \e®ective temperature"), herekg is Boltzmann's constar.
To simplify sometechnical considerationswe assumethat the initial densitiesof the
gasessatisfy the following velaity cuto®

Ps (V) = 0; if jVj: Vmin OF JVj, Vmax (1.4)

for some0 < vpin < Vmax < 1 . Hence,the initial velocities of atoms are bounded away
from zero and in nit y. Under these conditions, our argumeris are rigorous. We also
discussin Sectiond how to relax theseassumptions,leaving this work for the future.

2 Mark ov appro ximation

Our cuto® condition ([L.4) has an important implication. As long as the speed of the
piston remains small enough, every gas atom collides with the piston at most once.
Indeed, let jV (t)] < Vimax, Where

Mim

Vmax = mvmin

Note that Vimax is closeto vmin=3 whenM A m. Then it follows directly from (L4 and
(L2 that the atoms' velocities after collisionsare at least
Mim 2M

Vmin i
M+mm'n|M+m

Vm ax = Vm ax
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the last equality holds due to our choice of V. Therefore, the atoms after collisions
remain faster than the piston, sothe latter cannot\catch up" with them.
Hence,aslong asjV(t)j < Vmax, the velocity of the piston V (t) ewlvesas a Markov
processwith piecewiseconstart trajectories(a jump or step process).Moreover, this is a
stationary (homogeneousn time) Markov processdue to our requiremerts on the density
p(x; v). We will slightly changethe function V(t) sothat it will ewlve as a stationary
Markov processunconditionally. Fix someV 2 (0; Vimax) and require that wheneer the
velocity VO of the piston after a collision, in the notation of ([[.J), exceedsV in absolute
value, it gets\re’ected" at V, i.e. it instantaneously changesfrom V°to V by the rules

VO> +V =) V0= 42V VO
Vo< iV =) V0= 2v VO 1
Theserules are in the spirit of random walks with re°ecting boundary conditions.

We will denotethe velocity of the piston in the so de ned dynamicsby W (t). It is
clearthat W(t) = V(t) for all t < T sud that supy..t jV(t)j < V. We Tst study the
Markov processW (t) and later estimate the di®erenceV (t) | W(t).

Denote by P(u;dw; ¢ t) for every ¢t > O the transition probability for the process
W (t), i.e. v

P(W(t+¢t)2 A=W(t) =u) = P (u;dw; ¢ t)
A

for every Borel set A 2 IR. It is clearthat the piston doesnot experienceany collisions
with the atoms during the interval (t;t + ¢ t) if and only if the trapezoidaldomain
) Y
D=DEEN= (V) — Yo 1 v < i< v 2.2)
’ X X () ¢t > '
doesnot cortain gasatoms. Therefore,the probability that W(t+ ¢t) = W(t) = u is
n oz 1
P(u;fug;¢t) = exp j p(x; v) dx dv (2.3)
D

To ewvaluate this integral, we partition the domain D = D(t; ¢ t) into two trapezoids,
D = Di [ D* asshavn on Fig. 2. Under our assumptions([[.4)

Z -z

p(x;v)dx = ¢t (Vi u)p (v)dv+ (Ui v)ps(v)adv
D Vmin i Vmax
We introduce the following notation: for eat k , 0O let
Z Vmax i Vmin
V¥p, (v)dv=F] and Vep. (V) dv = F/

Vimin i Vmax

and
Qe=F¢ i F/
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Then we obtain

£ . , LB
p(x;v)dx = ¢t F{ i F{ i (F{ i Fg)u
D
= ¢t[Q1i Qou] (2.4)
whereu = W(t).
\Y
"Vnax
"Vmin
X(1)
' X
D+

Figure 2: RegionD = D' [ D*.

It is clearthat for every u and ¢ t > 0 the probability measureP (u; dw; ¢ t), besides
having an atom at u with probability given by (B.3), has an absolutely cortin uous com-
ponert with a positive density on the interval (j V;V) (in fact, that density is bounded
away from zerofor every xed u and ¢t > 0).

Prop osition 2.1 The stationary Markov processW (t) hasa unique stationary measure
1,4, whichis absolutelycontinuous on the interval (j V;V). Any other initial distribution
convemgesto * o uniformly exmnentially fast in time.

Proof. The processW (t) satis esthe so called Doeblin condition [D]: there exist" > 0
and ¢ t > 0 sud that for every Borel setA % (j V;V) and every u 2 (j V;V) we have
Z

m(A) <" =) AP(u;dw;ﬂ:t)< 1; "

wherem(A) is the Lebesguemeasureof A. Then our result follows from generaltheorems
[O]. But we alsooutline a simple direct argumert.
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Sincethe transition probability P (u;dw; ¢ t) de nes, for ead ¢t > 0, a cortinuous
map on the corvex spaceof probability distributions on the interval (j V;V), the exis-
tencefollows from a generalShauder-Tychono®theorem[DY], p. 456. SinceP (u; dw; ¢ t)
has an absolutely cortinuous componert whosedensity is boundedaway from zero, the
stationary distribution *  is absolutely cortinuouswith density fo(w) , ¢, > O.

To prove the uniquenessof 1 4, supposet ) 8 1, is another stationary measurewith
density f(w) , ¢§> 0. Then (1+ ¢)foj cf?for smallc> 0 is alsoa stationary density.
Let

&€= supfc> 0: 'inf\ll [(L+ Ofo(w)j cfdw)], Og
jwj<

Then (1 + &)f,j &fQis a stationary density, henceit must also be bounded away from
zeroon (j V;V). But this contradicts our choice of &

To prove the convergencewe take an arbitrary initial distribution °, and considerits
image?; at time t. Fix at > 0. The measure®; hasan absolutely cortinuouscomponert
whosedensity is boundedaway from zero. Hence®; = (1; ®°® + @ , with somesmall
®> 0 and somemeasure® Y, The value of ® dependson t but not on °,. This implies,
by induction, that % = (1j ®%°® + [1 (1 ®K]t, for all k , 1, which provesthe
exponertial corvergenceof ©, to 1. @

We now derive one useful equation. Fix a ¢ t > 0 and for every u 2 (j V;V) denote
by Z

E(u;¢t)=  wP(u;dw;Ct)

the conditional expectation of the processW (t+ ¢ t) giventhat W (t) = u. The invariance

of the measuret o implies
Z Z

E(u;¢t)dig(u) = wdio(w) (2.5)

Now supposethat
E(u;¢t)=u+g(u)¢t+ R(u;¢t) (2.6)

sothat
jR(u; ¢ t)j - conste(¢ t)?

Substituting this into (Z.3) and taking the limit as¢t! O gives
Z
g(u) d*o(u) = 0 2.7)

Our next stepis to derive (B.6) for small ¢t > 0 and compute g(u) explicitly. Let
X (t) = X and W(t) = u. Due to our assumption([[.4) the probability that the domain
a

©
D;= (x;v): 0< (X j x)¢sgnv< Vet Vpin < JVj < Vimax

cortains more than one atom is O((¢ t)2), hencewe can ignore it and assumethat D,
cortains at most one atom. Note that D, is much larger than D de ned by (£.3). Now
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it is easyto seethat the piston experiencesat most one collision during the interval
(t;t+ ¢ t). Precisely a collision occursif and only if the domainD = D* [ Di cortains
an atom. When it does,and the atom hasvelocity v at time t, then the piston's velocity
at time t + ¢ t is computedby ([L.1):

m
+ =u+ [ :
W(t+¢t)=u M+m(V' u) (2.8)
Therefore,the conditional expectation E(u; ¢ t) is
m - Z z ,
. — . 2
E(u;¢t)=u+ M+ m Dvpdxdv. u ] pdxdv + O((¢ t)°) (2.9)

(the last term comesfrom our assumptionthat D cortains at most one atom). While
the secondintegral in (2.9) is already computedin (B.4), the calculation of the "rst one
is similar. For every k , 0 we have

Z

Vmax i Vmin >
VEp(x;v)dx = ¢t VE(vi u)p (V) dv+ vE(U§ V) ps (V) dv
D £ Ymin . i VYmax
= ¢t Fipi Roai (Re i FOu
= Ct[Qs i QuU] (2.10)
Thus,
£ 20 2
E(u;(l:t)=u+|vI+m Q2i 2Qiu+ Qou“ ¢t+ O((¢ 1))
This givesus
2m £ P
g(u) = M+ m Q2i 2Qiu+ Qou

We now apply the key idertity (B.7) and arrive at
Q2 2Q:ihui + Qohu?i =

where h¢imeansaveragingwith respect to the stationary measure! ; (we note that Q;
do not depend on u). Thus, the averagevelocity of the piston is given by

- QohW?3i + Q;
2Q;

The medanical equilibrium is de ned by the equality of pressureson both sidesof
the piston, i.e. by

W (2.11)

Q=FiiF;=0

and we will restrict oursehesto this casein the rest of the paper. Then (£.11) reduces

to
QohW?i

2Q:

AWi = (2.12)



which is still di®eren from zero, albeit very small.
It is well known that at medanical equilibrium the averagevalue of HWW?2i is O(m=M),
see,e.g.[H, DGL]. But we will estimateit more accurately below.
Similarly to E(u; ¢ t), we de ne
Z
Ex(u;¢t)=  w?P(u;dw; ¢ t)

the conditional expectation of the squarevelocity W2(t + ¢ t) giventhat W (t) = u. The
stationarity of the distribution 1 5 implies
z z

Ex(u;¢t)diou) =  u?diq(u)

Assumethat
Ea(u;¢t) = U2+ go(u) ¢t + Ry(u; ¢ t)

with jRy(u; ¢ t)j - const¢(¢ t)2. Then, asin (B.7)
Z
G2(u) dto(u) = 0 (2.13)

Now, squaringthe equation (2.8) we obtain

2

2 2 4m . .2
WA+ et) = um+ o (Vi uu+ m(vn u)
Then, asin (£.9),
Z
) o 4m ]
Ex(u;¢t) = us + M+ D(v. u)updx dv
4m? z

. 2 2

™M+ m)? D(v, u)“pdxdv+ O((¢ t)9)

Computing theseintegrals as beforegives

Q) = T (Quui 20w+ Quu)
AT Qe 3QuU+ 3Qu | Qo)
M+ myz (i 32 1U% i Qo

We included the terms with Q, for the sale of clarity, even though we had assumedhat
Q2 = 0. In the subsequen expressionsve remove all Q,'s. The equation (B.I3 gives

m

2Q,HW?3i j Qohw?3i = s

(Qs + 3Q:HW3i | Qohw3i)




Ror brevity, we denote” = m=M. By making onestep further and analyzingEz(u; ¢ t) =
w3 P (u; dw; ¢ t) in the samemanner one can seethat HW3i = O("?), we omit details.
Hencewe arrive at

2' —_ Q3 " ||2
H\Nl—z—Ql + 0("?) (2.14)
Substituting this into (2.12) yields
. _ QoQs 2
Hwi = o 0("?) (2.15)

3 Thermo dynamical analysis

In this sectionwe expressour rigorous results in statistical medanical terms, sud as
temperature, density, pressure,and heat transfer.

First, we considerthe heat °ow acrossthe piston, from right to left. Even though
both gasesarein nite, the heattransfer from oneto the other is well de ned and its rate
can be computed. The thermodynamical de nition of the heat transfer [GH] is

R.;, = hdE =dii | hdM , =dthwi (3.1)

where dE =dt is the rate of changeof kinetic energyand dM ; =dt the rate of changeof
momertum on the left hand side. By the conseration of energyand momertum during
collisions, it is enoughto compute the averagechange of energyand momerium of the
piston whenit collideswith an atom on the left hand side.

According to (L), the momertum of the piston at one collision changesby

2mM

+ =
M M+ m

(Vi W)

The conditional averagechange of momerium during the interval (t; t + ¢ t), given that
W(t) = u,is

2mM
M+m
2mM
M + m

Eu(EM ) (vi u)dxdv+ O((¢ t)?)

(Fi i 2Fiu+ Fiud)¢ct+ O((¢ t)?

whereonly collisionswith atoms on the left are taken into accoun. Negating and aver-
aging with respect to the stationary measure! o givesthe averagemomenum transfer to
the left gas:

hdM | =dti = | 2m[Fj | 2F; Wi + Fi WW?i]+ O(m?=M) (3.2)
By squaring (f.1) we nd the changeof the kinetic energyof the piston at one collision:

+HFy = 2m"v2+ 2mVv 2mV?+ ¢¢¢
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where only essetial terms are shavn (the rest will evertually end up in O(m3=M?) in
the expression(B.3) belov, sowe omit them). The conditional averagechangeof kinetic
energyduring the interval (t; t + ¢ t), giventhat W (t) = u, is (again only collisionswith
atoms on the left are takeninto accoun)

Eu(zBv) = 2m("Fi | "Fiu+ Fiuj 2F] u?+ Fi u’) ¢t + ¢t¢+ O((¢ t)?)

Negating and averaging with respect to the stationary measure! , gives the average
kinetic energytransfer to the left gas:

hdE =dti = j 2m['"FJ + FJ Wi 2F] lWwW?i]+ O(m3am ?) (3.3)
Combining (B.2) and (B.3) we obtain the expressiorfor the heat transfer
Riy =i 2m['Fi | 2Fj WwW?i]+ O("?) (3.4)
Substituting (E.14 gives

2m" . :
Ry = - (F/Fi i F{F3)+0O(") (3.5)
Q:
Now, even though the thermodynamical temperatures of the gasesare not de ned,
unlesstheir velocity distributions are Maxwellian, we can de ne the \e®ective tempera-
tures" via the secondmomert of the velocity distributions:

R
. 2psdv _, FJ3
Ts = ki'm RP kitm —2

Ps dv F0§

where kg is Boltzmann's constart. We recall that the pressuresof the gasesare given
by Ps = 2mF3 and their spatial densitiesby ns = 2F§, hencethe classicallaw Ps =
ns kg T holds.

The piston's velocity distribution 14 is, generally not Maxwellian, but its e®ectie
temperature can be computed similarly:

Tv = ki*M (hW?i § hwi?) ! kglm&
2Q,
wherewe used(.14) and (2.19). HenceTy is of the sameorder of magnitudeasTg, but
for genericdistributions ps there is no simple relation betweenthe exact valuesof these
temperatures.
Howeer, we can derive someinteresting relations assumingthat the distributions ps

are Maxwellian. Sincethis would violate our assumptions(L.4), our further analysisis
heuristic. Assumethat the densitiesps satisfy

Ps (X; V) = ngfs (V)

11



whereng are (constart) spatial densitiesand

oo
fg (V) = pliexp A
§ 21/% IZ%

the Maxwellian distributions with temperatures Tg = kiBlm3/§. As before, we assume
that the pressuresare equal,i.e.n; T, = n,. T, . It is then easyto compute

1
Qo = é(ni i n.)
P 3

1=2

1 Ks -
Q1= 9?1/40’11 Y9 +n.¥%) = BZI—ZT] n, T112+ n. T,

1 k
Q2 = é(ni Y7 n.¥%)= ﬁ(ni T inT)=0

"2 &

3

Now the e®ectie temperature of the piston is

mQs _ n T+ n, 777 _p T (3.6)
= TT. .

|

T = = — —
T 2k Qs n, Ti1‘2+ n, T2

wherewe usedthe equality of the pressures.The averagevelocity of the piston is

P XV V) . 1=2
Wi = 2/kBm (ni i f;l+)(Ti T+)_ + O("Z)
4M n T2+ n, T
P 3 g
2Ykem P — P —
= 74|\/|B T.i T, +0(? (3.7)

Lastly, the heat transfer acrossthe piston (from right to left) given by (B.5) is now

p___ 1o o 1=
2m"" 2k3 £ i (TI?T72 ) 172159

Rey = . S+ O("?
+1j Hr]/m?’ ni Til_z + n+_|_-':-|__2 ( )
ke 8kgm n, n, (T, T.)¥? )
= — ! ! T.i T.)+ O(" 3.8
M 1/4 ni Ti1=2 + n. T+j—|_=2 ( | I ) ( ) ( )

Hence,the heat °ow is proportional to the temperature gradiert, T, j T, , and the heat
conductivity is thus r
ks 8kgm n, n.(T, T,)¥
M Ya n, Til:2+ n, T2
The formulas (B.8){(3.9]) were obtained earlier in [GP|, [GF, GPL] by meansof kinetic
theory and the Liouville equation.

(3.9)
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Let us examine closely what happenswhen the pressuresare equal, P, = P., but
the temperatures are di®erent. Without lossof generali, assumethat T, < T,, i.e.
the gason the left is cooler but denserand the gason the right is hotter but sparser.
Then hWi > 0, i.e. the piston slowly drifts in the direction of the hotter gas. At the
sametime R,,; > O, i.e. the heat slonvly °ows from the hotter gasto the cooler gas.
This demonstratesthat the medanical equilibrium is not a stable state. If our gases
were nite, there would be a cortinuing ewlution toward thermal equilibrium, in which
the temperatures becomeequal, too. Of course,this conclusionmakes no sensein the
idealizedmodel of in nite gases.

We note that the ewlution of the systemis somewhatcourterintuitive. When the
piston movesto the right, i.e. V(t) > 0, then by (f.3) the atoms on the right bounceo®
it with a higher speedand so gain energy while the atoms on the left collide with the
piston and slov down, hencelose someenergy When the piston movesto the left, i.e.
V(t) < 0O, it is vice versa. Since,on the average,the heat °ows from right to left, one
may concludethat the piston's movemeris to the left dominate. On the other hand, the
piston slowly drifts to the right, soits displacemets in that direction actually dominate.

To explain this \paradox”, we rst recall that the averagespeed of the piston is of
order W2 =2 » "2 which is much larger than the speedof the drift Wi » ". Hence
the piston jiggles badk and forth much faster than it drifts in one direction. The heat
°ow is due to \jiggling" rather than \drifting". Indeed, when the piston jigglesto the
right, the slov atoms on the left have lesschanceto collide with the piston, sincethe
relative velocity is small. Most of the collisions betweenthe slow atoms on the left and
the piston occur whenthe latter jigglesto the left. This is why the cooler atoms speed
up and gain energy on the average. On the other hand, the hotter atoms on the right
are lesssensitive to the variations in the piston's velocity, and the reasonwhy they cool
down is di®eren, aswe explain next.

The piston's vibrations are not spatially symmetric. During excursionsto the right,
relatively few collisionswith atoms on the right occur, sincethey are more energeticand
ableto quickly reversethe velocity of the piston. On the cortrary, whenthe piston drifts
to the left, the atoms on the left are weak and it takesthem longer to turn the piston
bad to the right. During theseintervals, the fast atoms on the right cortinue hitting
the piston and loseenergy This explainswhy the hotter atoms mostly slov down. We
must admit though that the precisemedanism of the heat °ow acrossthe piston in our
model remainsunclear. Somephysicists call it a \conspiracy" betweenthe microscopic
vibrations of the piston and the incoming atoms of the gaseq[GH, [GH.

4 Justi cation of Mark ov appro ximation

Here we estimate the di®erencebetweenthe true velocity of the piston V(t) and our
Markov approximation W (t).

Recall that W2 » " = _m=M, i.e. the typical speed of the piston (in the Markov
appraximation) is of order = ". The following theorem, which is essetially proved in
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[ICL3] (seeremarksbelow), estimateslarge deviations of the true velocity V (t):

Theorem 4.1 ([CLS]) Let jV(0)j < "2, There are constants C;d > 0 suchthat for
every T > 0 we have
H 1

P supjV()j> C"2p"il < T2vidini
O<t<T

This givesa good bound on large deviations during time intervals of length T » "i A
for any largebut xed constart A > 0: it showvsthat the true velocity V(t) of the piston
remains O ("% In"1 1) with \overwhelming" probability.

In our construction of the Markov approximation W (t) we can chooseany small but
positive cuto®value V > 0, and then assumethat " is sosmall that C"*2 In"i 1 < V.
Then we arrive at

Corollary 4.2 For all suzciently smal " and all T > 0 we have
3 p

P V(t)=W({) 8t2(0;T) 1; T2+idinin

Therefore, during time intervals of length T » "i A for any xed constart A > 0,
the true velocity V(t) of the piston coincideswith its Markov approximation W (t) with
\overwhelming" probability. If V(t) and W (t) di®er, though, then we have an obvious
bound: jV(t)] - Vmax. Sowe obtain analoguesof our main formulas (P.19 and (P.14):

Corollary 4.3 Let" > 0 be smal and jV(0)j < "*¥2. Then for any xed A > 0 and alll
0<t< T="i"wehave
QoQs ,,

E(V(D) = s "+ 0("?)
and 0
E(VA(t) = 2—Q31" + 0O("?)

whee E (¢ is the mean value.

It follows from the results of [CLS] that wheneer the true velocity V(t) exceeds
C "2 In"i 1 then with \overwhelming" probability it will be driven badc toward zeroby
further collisionswith the gasatoms. Hence,the estimatesof the last corollary should
remaintrue for all t > 0, but we do not pursuesud a goal, becausehe drift of the piston
becomesevidert on the time scaleof order "i A already for A > 2, aswe shav next, so
the estimatesin Corollary .3 are suxcient for practical purposes.

Indeed, let X{0) = 0 and considerthe random position of the piston X (t) at time t.
Also, let Y (t) = (;W(s) ds be the correspnding function in the Markov appraximation
model. We obviously have

hY (t)i = thwi = Q"Qj "t + O("%) (4.1)
4Q1
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We alsoneedto estimate the varianceof Y (t), which is a little harder. We claim that
Var[Y (t)] - Dt (4.2)

with someconstart D > 0 independen of . Below we outline the argumert, suppressing
sometechnical details that are basedon the estimatesobtained in [CLS).
It is standard that
YA tZ t
Var[Y (t)] = Cov(W(s); W (u)) dsdu
0 O

By the stationarity of the processW (t), the covariance hereequals
Cov(W(s); W(u)) = ¥4, , Var(W)

where %4, ,, is the correlation between W (s) and W (u), which only dependson js uj.
Also recall that
Var(W) = hWwW? | hwi?= Q. + 0("?)
2Q,
YA t
Var[Y (t)] - const¢t” Yads (4.3)
0
It remainsto estimatethe decg of the velocity autocorrelation function Yz.
Suppose during the interval (u;u + s) the piston experiencesk collisions with gas

Therefore,

Then ([L.7) implies

Xk
Wu+s)= (1 W) +® (1i @iy (4.4)

j=1

where®= 2m=(M + m) "' 2". This equation can be easily veri ed by induction on k.
Now, the number of collisionsk grows as consi, on the average,in fact

P(Ki S, G Slns). s2idni’ (4.5)

with somepositive constarts ¢;; c,, see[CLY]. For s < "i A this givesa good bound on
large deviations, so we can safely assumethat k , c¢;"=2. Next, the velocities v; are
almost independernt of W(u). In fact, there is a dependence sincethe time of collision
betweena particular atom and the piston dependson the velocity of the latter, but the
correlation between W (u) and velocities v; for every xed j is negative. This follows
from a simple obsenation: if W(u) > 0, the piston is more likely to collide with atoms
on the right, for which v; < 0, and vice versa. Therefore,the correlation % is determined
by the ‘rst term in (f.4), hence

el - (Li @)%
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This implies Z, zZ,

_ 2 1
Yads - (1i ®%52ds= j
0

0 aln(li ® "

and combining with (B.3) proves(B.2).

The estimates(#.1) and (§.2) show that the piston's displacemen due to the drift
exceedsts typical random °uctuations at timest = " for all A > 2. On sud time scales
the drift is \physically evidert" and it is possibleto verify it experimertally. Numerical
experimerts of this sort were done by [GH].

We now commern on the proofs of Theorem§.] and the estimate (f.5). The corre-
sponding results were proven in in a slightly di®erem context. That paper dealt
with a heavy piston in a cubical cortainer of sideL Iled by an ideal gas. That model,
too, reducedby a trivial projection onto the axis perpendicular to the piston surfaceto
a one-dimensionalgas on an interval [j L=2;L=2]. The velocity cuto® assumptionsin
[CLS] wereidentical to our ([.4). The piston had massM = alL? (a> 0 wasa constart)
and the spatial density of the one-dimensionafjasesvas proportional to M = aL?, but a
simple rescalingof time and spaceby M reducesthe spatial density to valuesO(1) and
makesit independert of M. Hence,we arrive exactly at the sameinitial conditions as
in the presem paper, exceptthe gasesn [CLY] were nite { they ewlved on an interval
[i aL®=2;alL3=2] with the piston initially placedat X (0) = 0.

Dueto the velocity cuto®([L.4) the gasatomsin [CLY] cannotinteract with the piston
more than onceunlessthey travel acrossthe half interval [j aL3=2;aL3=2], re°ect at an
endpoint x = §aL3=2 and then travel back to the piston in the middle. This takes
time T = O(L®), asit wasprovenin [CLY]. Thus, during the initial interval (0; T) with
T = O(M3%?) the ewlution of the piston studied in [CLY] is identical to ours. Hence,
all the results and estimatesderived in Section3 of [CLY] directly apply to our preset
context. Furthermore, with someminor obvious changesthose results can be extended
to arbitrary time intervals aswe did in Theorem{.] and (£.5).

Lastly, we have assumedhe velocity cuto® ([L.4) hereand in the paper [CL] mostly
for corvenience. It might be true that the upper bound on velocities is quite essetial
in [ICLY], sincearbitrarily fast atoms could bouncebadk and forth betweenthe piston
and the wall many times during short time intervals thus making signi cant impact on
the piston, as it was remarked in Section5 of [CLY]. But in the presem work, if we
had arbitrarily fast particles, they would hit the piston onceand get away newer to come
bad, sotheir impact would be quite limited.

As for the lower bound on velocities, it seemso be lessessehal in both models. It
was conjecturedin Section5 of [[CLJ] that the results of that paper could be extended
to velocity distributions without lower bounds (i.e. with v, = 0). If so, then the
estimatein Theorem.] implies that the typical velocity of the piston remainsof order
"% In"i 1 Aslong asthis is true, only atomswith smallervelocities can experiencetwo
or more collisionswith the piston, thus violating the Markovian character of the piston's
velocity processV (t). It is customary to rede ne the dynamics so that the collisions
with slov atoms are ignored altogether, and then the resulting processW (t) will be
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Markovian. The di®erencgV (t) i W(t)j shouldbe estimated separatelyand presumably
is negligible. Sudh a strategy was successfullimplemerted in earlier works [H, DGL]] in
somewhatdi®eren corntext, and it is likely to gothrough in our caseaswell. This is the
subject of our future work.

Acknowledgemen t. The author thanks J. Lebowitz, J. Piase&i and Ya. Sinai for many
usefuldiscussionsand encouragemein The author waspartially supported by NSF grant
DMS-0098788. This work was completed during the author's stay at the Institute for
AdvancedStudy with partial support by NSF grant DMS-9729992.

References

[CLS] N. Chernov, J. L. Lebowitz, and Ya. Sinai, Dynamic of a massivepiston in an
ideal gas RussianMathematical Surweys, 57 (2002), 1-84.

[DS] N. Dunford and J. Sdwartz, Linear operators: generl theory: Part |, Wiley,
New York, 1988.

[D] J. L. Doob, Stachastic processesWiley, New York, 1953.

[DGL] D. Dir, S. Goldstein, and J. L. Lebowitz, A mechanical madel of Brownian
motion, Commun. Math. Phys. 78 (1981), 507{530.

[F] R. P. Feynman, The FeynmanLecturesin Physicsl (CalTed), 1965,Chapt. 39.

[G] Ch. Gruber, Thermodynamicsof systemswith internal adiakatic constraints: time
evolution of the adialatic piston, Eur. J. Phys. 20 (1999), 259{266.

[GF] Ch. Gruber and L. Frachebourg, On the adialatic properties of a stcchastic adi-
akatic wall: Evolution, stationary non-equilibrium, and equilibrium states Phys.
A, 272 (1999),392{428.

[GP] Ch. Gruber and J. Piase&i, Stationary motion of the adiakatic piston, Phys. A
268 (1999),412{423.

[GPL] Ch. Gruber, S.Pache and A. Lesne, Two-time sale relaxationtoward equilibrium
of the enigmatic piston, to appearin J. Stat. Phys..

[H] R. Holley, The motion of a heavy particle in an in nite one dimensional gas of
hard sphees Z. Wahrsdein. verw. Geb. 17 (1971),181{2109.

[VK]  N. G. van Kampen, Stachastic Processesin Physics and Chemistry, North-
Holland, Amsterdam, 1992,p. 204.

[KBM] E. Kestemon, C. VandenBroed, and M. Mansour, The \adiabatic" piston: and
yet it moves Europhys. Lett., 49 (2000), 143{149.

17



[LL] L. D. Landauand E. M. Lifshitz, Statistical Mechanics Oxford, Pergamon,1980,
pp. 32{41.

[LPS] J. L. Lebowitz, J. Piase&i, and Ya. Sinai, Saling dynamicsof a massivepiston
in an ideal gas In: Hard ball systemsand the Lorentz gas, 217{227, Encycl.
Math. Sci., 101, Springer, Berlin, 2000.

[L] J. L. Lebowitz, Stationary nonajuilibrium Gibbsian ensemblesPhys. Rev. 114
(1959),1192{1202.

[Ne] E.Nelson,Dynamical theories of brownian motion, Princeton U. Press,Princeton,
NJ, 1967.

[P] J. Piase&i, A madel of Brownian motion in an inhomagen@us environment, J.
Phys. Condens.Matter 14 (2002),9265{9273.

18



