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Abstract

We study three partition statistics and the g-Stirling and g-Bell numbersthat sene
as their generating functions, evaluating these numbers when g = j 1. Among the
numbers that arise in this way are (1) Fibonacci numbers and (2) numbers occurring
in the study of fermionic oscillators.

1 Intro duction

The notational convertions of this paper are asfollows: N := f0;1;2;:::9, P:= f1,2;:::0,
[0] ;= ?, and [n] := f1;:::;ng for n 2 P. Empty sums take the value 0 and empty
products the value 1, with 0° := 1. The letter g denotesan indeterminate, with Oq := 0,
Ng:= 1+ g+ ¢¢+ " * forn 2 P, 0(!1 =1,and nc!] = 1424 ¢¢¢ny for n 2 P. The binomial

¢
coezcient 'E is equalto zeroif k is a negative integeror if 06 n < k.
Let ¢ bea nite setof discretestructures,with | : ¢ ! N. The generatingfunction

X X
G(l;¢;q:= d®@= jf£2¢ : 1()=kgjd

+2¢ k
is a useful tool for studying the statistic |. Elemertary examplesinclude the binomial
theorem, q
X ox Hy
@+qQm= o= d (1)
S¥[n] k=0
and X
nt= " 2)
q



where S, is the set of permutations of [n] and i(3) is the number of inversionsin the
permutation %= ijis:::i,, i.e., the number of pairs (r;s) with 16 r < s6 nandi, > is [[4,
Corollary 1.3.10].

Of course,G(1;¢; 1) = j¢j. On the other hand,

G(l;¢; j )=jf£2¢ : I(¥)isevengjj jf£2 ¢ : I (%) is oddg;: 3)

Henceif G(I;¢; j 1) = O, the set ¢ is \balanced" with respect to the parity of I. In
particular, settingg= i 1in ([)) yields the familiar result that a nite nonempty sethasas
many subsetsof odd cardinality asit has subsetsof even cardinality. Settingqg= i 1in ()
revealsthat if n > 2, then amongthe permutations of [n] there are as many with an odd
number of inversionsasthere are with an even number of inversions.

In this note we considerthree g-generalizationsof Stirling numbers of the secondkind,
denoted Sg(n; k), Sq(n; k), and S4(n; k). These polynomials are generating functions for
three closely related statistics on the set of partitions of [n] with k blocks. Most of the
properties of theseg-Stirling numbers, to be establishedbelow in x §, have appearedin the
literature in various cortexts, Carlitz having apparenly beenthe rst to construethese
numbers as generating functions for partition statistics. Seealso [[d], [fll, [H], and [g]. Our
aim hereis to o®era compact,uni ed treatment of thesenumbers. Our analysisis facilitated
by a powerful formal algebraicresult of Contet [H].

We derive in X} newresultson the evaluation of Sg(n; k), Sq(n; k), and Sq(n; k) and their
assaiated g-Bell numbers (gotten by summing g-Stirling numbers over k for xed n) when
g= i 1. Apart from the interpretation of theseresults in terms of ([), the evaluation of
S, 1(n; k) and its assaiated Bell numbersmay be of additional interest, sincethesenumbers
arisein the study of fermionic oscillators [d].

In x § we discussan alternative approad to establishingour results by meansof bijective
proofs.

In x@ the numbers S”,(n; k), S; 1(n; k), and S; 1(n; k) are displayed astriangular arrays

for 16 k6 n 6 8. Here,for immediate referencewe recordthesearrays in linearized form:

Si"l(n;k): L 1% i1 1, 1, 1 i1 72 1 i1 1
3 iz i L1 i4 3 3 il il 15
i 4 i6 3 1; 1, i1 |6 5 10 j6;, 4 1, :
Sink)= 1,1 i1 L i1 iL Lil i2 1, L1
i3 2 L 1L i4 3 3 il 1 i1 i5
46, i3 il 1 il i6 5 10 i6 i4 1;:
Simk)=1, 1, 1, 1, 1, L, 1, 1, 21 1, 1
3! 2; 11 11 1; 4! 3! 31 1; ll 1! 51
4 6, 3 1, 1, 1, 6 5 10 6 4 1

2 Preliminaries

This sectionreviewssomematerial to be usedlater in the paper.
2.1. Comtet Numkbers. The following theorem, due to Contet [H] greatly facilitates the
analysisof many conbinatorial arrays:



Theorem 2.1. Let D be an integral domain. If (Up)nso IS @ Sequene in D and x is
an indeterminate over D, then the following are equivalent characterizations of an array
(U(n; K)) nik> o

uin;k)=Uni Lkj 1)+ uUni 1k); 8nk2P; 4)
with U(n; 0) = ug and U(O; k) = %« 8 n;k 2 N,
X
u(n; k) = udeudt eegud; 8k 2 N; (5)
do+di+ ¢¢€de=nj k
di2N
X K)X" X" k
U(n; k)x" = ; 8k2N; 6
hs0 (n:49 (Li uox)(1i uix) (1 uyx) ©)
and
X
x"= UMKp(x);  8n2N; (7)
k=0
whee po(x) := 1 and px(x) := (X i Ug) ¢C&(X | uy; 1) for k 2 P.
Pro of. Straightforward algebraicexercise. O

In what follows, we call the numbers U(n; k) the Comtet numkers assaiated with the
seguene (Up)ns>o-

2.2 Partitions of a Set A partition of a set S is a set of nonempty, pairwise disjoint
subsets(called blackg of S, with union S. For all n;k 2 N, let S(n; k) denotethe number of
partitions of [n] with k blocks. Then S(0;0) = 1, S(n; 0) = S(0;k) = 0,8 n; k 2 P, and

S(n;k)=S(nj Lkij 1)+ kS(nij 1;k); 8n;k2P; (8)

S(nij 1,k i 1) erumerating those partitions in which n is the sole elemen of one of the
blocks, and kS(n j 1;k) thosein which the block cortaining n cortains at least one other
elemen of [n]. From (B) it follows that the numbers S(n; k), called Stirling numters of the
second kind, are the Comtet numbers asseiated with the sequencgO; 1;2;:::). Henceby
TheoremP.]

X
S(n; k) = 1% 292 ke : 8n;k2N;
di+ ¢e8de=nj k
di2N
X K)X" X K
S(n; = ; 8k2N,;
. (kX = A 50@T 209 0081 k)
and
X
x"=  S(n;k)x& 8n2N;
k=0



wherex?:= 1 and x¥ := x(xj 1)¢¢¢(x j k+ 1) fork 2 P.
The total number of partitions of [n] is given by the Bell number B,,, where

xn
B, = S(n; k):
k=0
Clearly, B = 1, and
Y: Bo o “nﬂ
B = By;
n+l k k

k=0
since' E¢Bk ernumeratesthose partitions of [n + 1] for which the sizeof the block cortaining
the elemen n+ 1lisnj k+ 1.
2.3 Restricted Sumsof Binomial Coeztcients. As we have already noted in x [, setting
g=1landq= i 1lin ([) yieldsthe well known result
X p-nﬂ X Unﬂ
= =2t 8n2P:

k even K k odd K
Here we recall a method for evaluating sumssud as
X VOB
n .
k™ 0 (mod 3)
Let ! be either of the two complexcube roots of 1, e.g.,! = (j 1+ ip§):2. Then
L+ )"+ 1+ 1x)"+ (1+!12X)" = kxk 1+ 1 k41 &
=3 ‘ x%; (9)
k” 0 (mod 3)

sincek ©~ 0 (mod 3) impliesthat 1+ !+ 12 = 3andk~ 1or2 (mod 3) implies that
1+1k+12&=1+1 +12=0. Settingx = 1in (f) yields
X unﬂ 1i 2 ¢
=§2“+(1+!)”+(1+!)”: (20)

k" 0 (mod 3)

3 Partition Statistics and ¢-Stiring Num bers

Let |( n; k) denotethe setof all partitions of [n] with k blocks. Givena partition %42 }( n; k),

arrangedin increasingorder of their smallestelemens, and de ne statistics w”, w, and w by
ol )Q( .. .
wi(¥) = ijEij;
i=1
w# = (i DiEj=w(i n;

i=1



and

Xk Hk‘ﬂ
w(¥):= (i D(Eji )=w'H)i nj 5

i=1

If elemens of [n] are regardedas labelson n unit massesthen w*(¥%) is the momert about
x = 0 of the masscon guration in which the masseswith labelsin E; are placedat x = i.
The statistics w(*4 and w(¥) admit of similar interpretations.

We wish to study the generatingfunctions

Si(n; k) = g" ™, (11)
Y21 nk)

Sq(n; k) = q'™ = g "Sg(n; k); (12)
Y21( nik)

and
1 ‘i (%) o

Sy(n; k) = g = ¢ " &si(n; ky: (13)

v2i( nk)

Ead of thesepolynomialsfurnishesa g-generalizationof S(n; k), reducingto the latter when
g= 1. As closelyrelated astheseg-Stirling numbersappearto be, it might be thought that
one could carry out an analysisof any one of them, chosenarbitrarily, with properties of
the others derived as easycorollaries. Interestingly, it turns out that ead is best suited for
elucidating a particular subsetof their more or lesscommon properties. We consider rst
the matter of recursive formulas.

Theorem 3.1. The g-Stirling numkers S;(n; k) are geneated by the recurrence relation
Sq(n; k) = q"Sc‘;(n i LKi 1)+ gkeSq(ni LK); 8 n;k2P; (14)
with S§(0;0) = 1 and S§(n; 0) = S{(0;k) = 0, 8 n;k 2 P.
Pro of. The boundary conditions are obvious. To establishthe recurrence([L9), let
c(n; k;t) ;= jfv2 I( n;k) : w*(¥) = tgj:
Then,
X«
cn;k;t)=c(nj Lkj Litj k)+ cni Lk;tj i), 8n;k2P: (15)

i=1

number n 2 [n] is either (i) in Ex alone (there are clearly c(nj 1;kj 1;tj k) sud ¥s)



or (i) in someE;, wherel 6 i 6 k, with at leastone elemen of [nj 1] (there are clearly
cnij Lk;tj i) suc ¥s). From ([J) it follows that

X
Si(mk) = o k;t)g
t

X X X
= cni Lki g+ d  cni Lkn)d
r i=1 r

= d'Sini Lkj 1)+ akeSi(ni Lk):
O

Recurrencerelations for Sqy(n; k) and Sy(n; k) follow immediately from ([L4), along with
(L2 and ([[3J), respectively. We have

Sq(n; k) = q"i 1Sq(n i Lki 1)+ KeSo(ni Lk); 8nk2P; (16)
and
Sq(nm; k) = Se(ni Lki 1)+ KeSqy(ni 1;k); 8n;k 2 P: a7)

By ([1), the numbers Sy(n; k) arethe Comtet numbersasseiated with the sequencéng)s o.
By TheoremP_.] it followsimmediately that

X
Sq(n; k) = (1) ™ (24) %2 ¢0e(Kg)%; 8n;k2N:; (18)
di+ ¢eede=nj k
di2N
* snion < k (19)
Sy(n; K)x" = X 8k2N; 19
P (Ti 1)L i 2) 0001 | Kgx)
and
X )
X" = Sq(n; K)A(X); 8n2N; (20)
k=0

whereAy(x) == Land Ac(x) = x(x | 1g) ¢¢¢(x i (ki 1)q), 8k 2 P.
Variants of (L3{(EJ that hold for S4(n;k) and Sq(n; k) follow immediately from the

relations Sy(n; k) = q(g)Sq(n; k) and S{(n; k) = d"'Sy(n; k). To cite a few examples,we have

X q(k;l)xk
ST k)X = —
050 (i )i oxi o°x)eee(li gxj ¢ gx)
8k2N;
and " ) " ) “xﬂ
xX"=  SMmKAX) = SimKAC = (21)
k=0 k=0 9



where A (x) == g &) A (x).
Using the method of linear functionals [{, pp. 89{90] one can derive from (P1) the
recurrence[fl, Theorem5.4]

)@Uﬂ

Sy(n + LK) = r dSqi;ki 1); 8n2N; k2P (22)
j=0

from which the variant recurrences
NS Unﬂ
Sy(n+ L,k) = '™ j Sqliski 1); 8n2N; k2P,
i=0

and
X P-nﬂ _
Sq(n+ Lk) = j oSGk 1) 8n2N; k2P (23)
j=0

follow immediately.
Summingthe g-Stirling numbers Sg(n; k), Sq(n; k) and Sy(n; k) over k yields the respec-
tive g-Bell numbers Bg(n), Bq(n), and By(n). From (E3) it follows that

Xn Unﬂ _
Bo(n+ 1) = j dBq(i); 8n2N: (24)
j=0

SinceBg(n) = q"Bq(n), the recurrence(g?) yields

X0 Hnﬂ
Bo(n+ 1)= g™ j BqG): 8n2N: (25)
j=0

Due to the factor g ¥ in (£3), we do not get any recurrencefor B,(n) analogousto (P9
and (£9), this beingthe singleexceptionto the generalparallelism betweenproperties of the
three g-Stirling numbersunder consideration. The uniquenessof By(n) is further manifested
whenqg= j 1, aswe shall seein the next section.

4 The Caseqg=ij1l

In this sectionwe derive simple expressiondor the foregoingg-Stirling and g-Bell numbers
whenqg=j 1.

Theorem 4.1. The numker S, 1(n; k) is given by the formula
H 11T

I
. k!
n pAS
Sanky=  '¥2 . 16 k6 n: (26)
2



Pro of. Note that (

i _, .. L ifiisodd;
Ye=it™ T o i iisewen
Henceby ([[9), if 16 m 6 bn=2c,
X (= -0
S, 1(n; 2m) = gz MM (27)
mij 1
di+dz+ ¢¢8dom; 1=Nnj 2m
di2N
sincethe number of sequencest;;:::;t,) of nonnegatie integerssummingto s is 'Sjn’?‘ll
[, p. 15]. Similarly, if 06 m 6 b(nj 1)=2c,
M 1
. . l
Sanzm+ = TP (28)
m
Formula (£9) incorporates (£1) and (£9). O

In tabulating the numbers S, ;(n; k) it is of coursemore excient to usethe recurrence
S 1(nk) = S a(ni Lkj 1)+ 1S 1(nj LK),

represeting the caseq= i 1 of ([[}).
Let Fo= F; = 1,with F, = Fp; 1+ Fp; 2 if n> 2. As is well known,

%20“ . 1
Fn = M. gnan: (29)
m
m=0
Theorem 4.2. For all n 2 N,
xn
B, 1(n) := S, 1(n; k) = Fp: (30)
k=0

Pro of. It is easyto ched that (B0) holds for n = 0;1. If n > 2, then by (%), (E9), and
9.

b(n)'(l):ZCHn L mi lﬂ %ZCHn L mi 1ﬂ
Bia(n) = m ¥ mi 1
m=0 m=1 I
b(nxl):2cl-1(n Y mﬂ b(nxz)zzcu(n ) mﬂ
= +
m=0 m m=0 m

= I:nil"' I:n12: Fn:



From (9 and the fact that Sj(n; k) = q(g)”‘sq(n; k), we have
k
s7i(n;k) = (; plan 16 k6 n:

On the other hand, the Bell numbersB;(n) are quite di®eren from the numbers B; 1(n).

Theorem 4.3. For all n 2 N,

8
X0 21 if n”~ 0 (mod 3);
B7i(n) = S/i(m k) = i 1, if n” 1 (mod 3); (31)
k=0 "0, if n” 2 (mod 3):
Pro of. Noting that B”,(0) = 1, we prove (BJ) by induction on n. In what follows
Un‘ﬂ
b(n) = .o
j” r (mod 3) J
From (9) with g= j 1, we have
X0 Unﬂ
BYy(n+1)= (i )" j BY1(1) = (i V"™ u(n) + (i 1)"bu(n)
j=0

= (i D" o(n) + (i 1)"o(ni 1)+ (i DMu(ni 1):
Similarly, B¥;(n) = (j 1)"lbp(nj 1)+ (j )™ Ym(nj 1), andso

BPy(n+ 1)= (i )" y(n) + 2(i 1)"y(ni 1)i BFy(n)

1£ 2nj 1 2nj 2 n+1 nij 1‘2i o
=g P TEH T R By(n); (32)

by (L), where! is either of the two complexcube roots of 1. Takingn+ 1= 3m, 3m+ 1,
and 3m + 2, respectively, in (B7) yields
B;(Bm)=1j B;(8mj 1)= 1
Bfy(Bm+1)=0j B’;(83m) =i 1 and
B 3m+2)=j1j B'y(3m+1)=0:

L]
It is easyto ched that onecanwrite (BJ) more compactly as
o — 1 n. ! 2n.
Bram = o' o
from which we get the nice exponertial generatingfunction
o X" — 1 X . ! 12y,
B, 1(n)m = 1i—!e LT e " (33)

n=0



From (B8 and the fact that Sg(n; k) = q(g)Sq(n; k), we have

k “n' K: i 1ﬂ
S, (k) = (j O 'vZl T 16keé
2
By (I3, .
Bi1(n):= S (k)= (i 1)"B7y(n);
k=0
and soby (B)) 3
2 (i 1 if n~ 0 (mod 3);
B, 1(n) = S (GG O™ if n” 1 (mod 3); (34)
"0 if n” 2 (mod 3);
and by (B3 “
X" 1 Pix . ! i 12x.
n:OBil(nmzli—!e‘- T !e : (35)

In a paper which shoved how the numbers S; 1(n; k) and B, 1(n) arisein the study of
fermionic oscillators, Schork [f] posedthe problem of nding a closedform and a generating
function for the numbers B, 1(n). Formulas (B4) and (BY) furnish solutions to Sdork's
problem.

To concludethis sectionwe remark that our list of partition statistics might have been
rounded out to include the statistic

X«
W) = i(Eiji D=w®+ni k;
i=1
with generatingfunction
X
Sq(n; k) := q"® = g Isy(n; k): (36)
Y2( nk)

Formula (Bg) and Theoremf.] yield an easyewaluation of éi 1(n; k). As for

xn
B un):= S 1(nk);

k=0
we have B, 1(0) = B, 1(1) = 1, B, 1(2) = 0, and
B, 1(n) = (i D" 'Fn; 3 8n > 3 (37)

the proof of which we leave to interestedreaders.

10



5 Bijectiv e Pro ofs

We concludeby returning to the opening theme of this paper. If G(I;¢; j 1) = 0, then,
as already noted, j¢ oj = j¢ 1, where¢; = f£2 ¢ : I(¥) " i (mod2)g. One gainsa
deeper understanding(and bijective proof) of sud resultsby idertifying an | -parity changing
involution of ¢. For the statistic jSj in ([l), the map

S[ flg, if12S;
Sj flg, if12S;

7!

furnishessud an involution. For the statistic (%) in ([), switching positions of the elemeits
1and 2 (or ofk and k + 1, for any xed k) in a permutation furnishessud an involution.
A similar task ariseswhen([f) is nonzero. Suppose for example,that G(I;¢; j 1) = ¢> 0.
Here one wishesto idertify a subset¢ ™ of ¢ o, with j¢ "] = ¢, and an | -parity changing
involution of ¢ | ¢ *.
My studert, Mark Shattuck, hasrecerly succeededn nding sud bijective proofs of

formulas (£28), (BQ), (BD), (B9, and (B7). Details will appearin a forthcoming paper.

6 Tables

Table 1: The numbersS?;(n;k) for 16 k6 n6 8.

| |k=1] 2] 3] 4] 5] 6] 7] 8]
n= i 1

A
e

O NI WN P
oW~

OO B~ WN PP
gl bW N
oW -

[

11i1);
Table 2: The numbersS; 1(n;k) for 16 k6 n6 8.

10 i

| |k=1] 2] 3] 4] 5] 6] 7] 8]
n=1 1

2 11i1

3 1/i1)i1

4 1(i1/(i2 1

5 1/i1(;3 2 1

6 1114 3 3i1l

7 1/i1/i5] 4 6i3]il

8 1/i1]i6 5/ 10|64 1

Table 3: The numbersS; 1(n;k) for 16 k6 n6 8.
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n=1| 1

21 1| 1

3| 1| 1| 1

41 1] 1| 2| 1

5({ 1| 1| 3] 2| 1
6| 1, 1| 4| 3| 3| 1
71 1| 1| 5| 4| 6| 3| 1
8| 1| 1| 6| 5|10 6| 4| 1
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