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Abstract

This paper deals with the enumeration of k-colored Motzkin words according to
various parameters, such as the length, the number of rises, the length of the initial
rise and the number of prime components.

1 In tro duction

There exists an extendedliterature on Dyck and Motzkin paths and their relationship with
many other combinatorial objects [7, 10, 11, 15, 16, 19, 21]. It is well known that the
sets of Dyck paths of length 2n and Motzkin paths of length n are enumerated by the
Catalan numbersCn (A000108) and the Motzkin numbersM n (A001006), respectively. More
generally, there is great interest in k-coloredMotzkin paths [2], which have horizontal steps
coloredby meansof k colors.

This paper deals with the set of k-colored Motzkin words (or equivalently paths) and
with somesubsetsof it, de¯ned by various parameters.

In section 2, somebasic de¯nitions and notations referring to the setsM k and M c
k of

(k-colored)Motzkin and c-Motzkin words respectively are given.
In section 3, using the generating functions Fk and Gk of M k and M c

k respectively,
according to the parameters \length", \n umber of rises" and \length of the initial rise",
the cardinalities of several subsetsof M k are evaluated. Furthermore, using the Lagrange
inversionformula, the coe±cients of the powersof Fk are determined.
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Finally, in section4, the decomposition of the elements of M c
k to prime words is studied.

The generatingfunction Gk of M c
k according to the three previous parametersand to the

parameter \n umber of prime components" is determined. This is used to show that the
number of all u 2 M c

k with s prime components and length of the initial rise equal to m is
equal to the number of all u 2 M c

k with m prime components and length of the initial rise
equal to s.

2 Preliminaries

Throughout this paper, let E be an alphabet with k + 2 letters, wherek 2
�

and a; ¹a are
two given elements of E. For k 6= 0, the elements of the set Enf a; ¹ag = f ¯ 1; ¯ 2; : : : ; ¯ kg are
called colors of E. The number of occurrencesof the letter x 2 E in the word u is denoted
by jujx , the length of u by l(u), and the number of risesof u by r (u).

We denote by E ¤ the set which contains all the words with letters in E as well as the
empty word ². A word u 2 E ¤ is called k-colored Motzkin word if juja = juj ¹a and for every
factorization u = wv we have jwj ¹a · jwja.

A Motzkin path of length n is a lattice path of
� 2 running from (0; 0) to (n; 0) that

never passesbelow the x-axis and whosepermitted steps are the up diagonal step (1; 1),
the down diagonalstep (1; ¡ 1) and the horizontal step (1; 0), called rise, fall and levelstep,
respectively. If the level stepsare labelledby k colorswe obtain the k-colored Motzkin paths.

It is clear that each k-coloredMotzkin path is coded by a k-coloredMotzkin word u =
u1u2 ¢¢¢un 2 E ¤ sothat every rise (resp., fall) correspondsto the letter a (resp., ¹a) and every
coloredlevel corresponds to a certain color of E; seeFig. 1.

u = a a ¯ 1 ¹a a ¹a ¹a ¯ 1 a ¯ 2 a a ¹a ¹a ¹a ¯ 1 a ¯ 2 ¹a

Figure 1: A 2-coloredMotzkin path and its corresponding Motzkin word

We denoteby M k;n (resp., M k;n;r ) the set of all u 2 M k with l(u) = n (resp., l(u) = n
and r (u) = r ) and we set ¹ k;n = jM k;n j (resp., ¹ k;n;r = jM k;n;r j).

It is well known that if k = 0; 1 we obtain the setsof Dyck and Motzkin words, respec-
tiv ely. The 2-coloredMotzkin words have beenstudied in [9]. More precisely, we have:

¹ 0;n =

(
Cn

2
; if n is even;

0; if n is odd,
¹ 1;n = M n ; ¹ 2;n = Cn+1 :

The 3-coloredMotzkin paths correspond to the tree-like polyhexesde¯ned by Harary
[13], as we will seein the next section.
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Let u = u1u2 ¢¢¢un 2 M k;n . Two indices i; j 2 [n] = f 1; 2; : : : ; ng with i < j are called
conjugateswith respect to u if and only if j is the smallestnumber in f i + 1; i + 2; : : : ; ng
for which the segment ui ui +1 ¢¢¢uj of u is a k-coloredMotzkin word.

A word u 2 M k;n is called (k-colored) c-Motzkin word if and only if every i 2 [n] with
ui =2 f a; ¹ag, lies between two conjugate indices. It is clear that the c-Motzkin words code
exactly thosek-coloredpaths that have no level stepson the x-axis; seeFig. 2.

u = a ¯ 1 a ¹a ¹a a ¯ 1 ¯ 2 a ¯ 1 a a ¹a ¹a ¹a ¯ 1 ¯ 2 ¯ 2 ¹a a ¯ 1 ¯ 1 ¹a

Figure 2: A 2-coloredMotzkin path and its corresponding c-Motzkin word

The c-Motzkin words have beenintroducedand studied in the casek = 1, [18].
In the following sectionswe will refer to the sets M c

k;n = M c
k \ M k;n and M c

k;n;r =
M c

k \ M k;n;r with cardinalities ¹ c
k;n and ¹ c

k;n;r , respectively.

3 Enumeration of sets of k-colored Motzkin words

In this sectionwe evaluate the cardinal number of several subsetsof M k de¯ned by various
parameters.We ¯rst needthe following de¯nition.

The initial rise of a non-empty word u = u1u2 ¢¢¢un 2 M k with u1 = a is the segment
u1u2 ¢¢¢uj whereuº = a for every º 2 [j ] and uj +1 6= a. If u = ² or u1 6= a, the initial rise of
u is the empty word. We denoteby p(u) the length of the initial rise of u.

Let Fk and Gk be the generatingfunctions of M k and M c
k , respectively, accordingto the

parametersl, r , p (coded by x, y, z), i.e.,

Fk(x; y; z) =
X

u2M k

x l (u)yr (u)zp(u)

and
Gk(x; y; z) =

X

u2M c
k

x l (u)yr (u)zp(u) :

Prop osition 3.1 The generating functions Fk , Gk are given by the formulae

Fk(x; y; z) =
1 + kxFk(x; y)

1 ¡ x2yzFk(x; y)
(1)

and
Gk(x; y; z) =

1
1 ¡ x2yzFk(x; y)

; (2)
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where the generating function Fk(x; y) = Fk(x; y; 1) satis¯es the equation

x2yF 2
k (x; y) + (kx ¡ 1)Fk(x; y) + 1 = 0 (3)

and hence

Fk(x; y) =
1 ¡ kx ¡

q
(1 ¡ kx)2 ¡ 4x2y

2x2y
: (4)

Proof : Wecaneasilyverify that for k 6= 0 each nonempty u 2 M k canbeuniquely written in
either of the forms u = ¯ º v for somev 2 M k and º 2 [k], or u = aw¹av for somev; w 2 M k ,
whereindices1, l(w) + 2 are conjugateswith respect to u.

Obviously, since in the ¯rst casep(u) = 0, r (u) = r (v) and in the secondcaser (u) =
r (w) + r (v) + 1, p(u) = p(w) + 1, we obtain that

Fk(x; y; z) = 1 +
kX

º =1

X

v

x l (¯ º v)yr (v) +
X

w;v

x l (w)+ l (v)+2 yr (w)+ r (v)+1 zp(w)+1

= 1 + kxFk(x; y) + x2yzFk(x; y; z)Fk(x; y):

Thus,

Fk(x; y; z) =
1 + kxFk(x; y)

1 ¡ x2yzFk(x; y)
:

Moreover, applying the above equality for z = 1 we deducethat

x2yF 2
k (x; y) + (kx ¡ 1)Fk(x; y) + 1 = 0:

The proof of (1) for k = 0 follows as above with somesimple modi¯cations.
The proof of (2) is similar and it is omitted. 2

Remark The generating function Fk can be obtained as an application of a continued
fraction result [12]. More preciselyif we apply theorem1 of [12] by counting the risesby xy,
the falls by x and the level stepsby kx we concludethat

Fk(x; y) =
1

1 ¡ kx ¡
x2y

1 ¡ kx ¡
x2y

1 ¡ kx ¡
x2y
¢¢¢

which easily leadsto equation (3).

Example We compute the number of k-coloredc-Motzkin words of length n, for k = 1 and
k = 2, using the generating functions C(x) and M (x) of Catalan and Motzkin numbers,
respectively. For this we useformula (2) for the generatingfunction Gk(x) = Gk(x; 1; 1) of
M c

k accordingto the length.
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1) For k = 1, we have that

G1(x) =
1

1 ¡ x2F1(x)
=

1
1 ¡ x2M (x)

=
1 + xM (x)

1 + x

= (
1X

n=0

(¡ 1)nxn )(
1X

n=0

°nxn )

=
1X

n=0

(
nX

i =0

(¡ 1)i °n¡ i )xn ;

where

°n =

(
M n¡ 1; if n ¸ 1;

0; if n = 0:

Thus,

¹ c
1;n =

nX

i =0

(¡ 1)i °n¡ i =
n¡ 2X

i =0

(¡ 1)i M n¡ i ¡ 1;

for every n ¸ 2.
We note that from the above formula we deducethat for every n ¸ 2,

¹ c
1;n + ¹ c

1;n¡ 1 = M n¡ 1

which implies that the number of c-Motzkin paths of length n is equal to the number of
Motzkin paths of length n ¡ 1 with at least one level step on the x-axis [14].

2) For k = 2 and since

F2(x) =
1X

n=0

¹ 2;nxn =
1X

n=0

Cn+1 xn =
1
x

[C(x) ¡ 1] = C2(x);

we obtain that
G2(x) =

1
1 ¡ x2C2(x)

:

So,the generatingfunction G2(x) coincideswith the generatingfunction of Fine numbers
fn [8] and hencewe concludethat ¹ c

2;n = fn .

In the following result we give recursive formulae for the sequences¹ k;n;r and ¹ k;n .

Prop osition 3.2 For every k; º ; n; r 2
�

with r · [ n
2 ] we havethat

¹ k+ º ;n;r =
nX

m=2 r

µ
n
m

¶
¹ k;m;r º n¡ m =

nX

m=2 r

µ
n
m

¶
¹ º ;m;r kn¡ m (5)

and

¹ k+ º ;n =
nX

m=0

µ
n
m

¶
¹ k;m º n¡ m =

nX

m=0

µ
n
m

¶
¹ º ;m kn¡ m : (6)
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Proof : From relation (4) we easily obtain that

Fk+ º (x; y) =
Fk( x

1¡ º x ; y)

1 ¡ º x
=

Fn ( x
1¡ kx ; y)

1 ¡ kx

for every k; º 2
�

.
On the other hand, we have that

Fk( x
1¡ º x ; y)

1 ¡ º x
=

1X

m=0

[ m
2 ]X

r =0

¹ k;m;r xmyr 1
(1 ¡ º x)m+1

=
1X

m=0

[ m
2 ]X

r =0

¹ k;m;r xmyr
1X

j =0

µ
¡ m ¡ 1

j

¶
(¡ º x) j

=
1X

m=0

[ m
2 ]X

r =0

1X

j =0

¹ k;m;r

µ
m + j

j

¶
º j x j + myr

=
1X

n=0

[ n
2 ]X

r =0

· nX

m=2 r

¹ k;m;r

µ
n
m

¶
º n¡ m

¸
xnyr :

It follows that

¹ k+ º ;n;r =
nX

m=2 r

µ
n
m

¶
¹ k;m;r º n¡ m :

Moreover, using the above relations we obtain that

¹ k+ º ;n =
[ n

2 ]X

r =0

¹ k+ º ;n;r =
nX

m=0

µ
n
m

¶
º n¡ m

[ m
2 ]X

r =0

¹ k;m;r =
nX

m=0

µ
n
m

¶
¹ k;m º n¡ m :

The proofsof the secondparts of relations (5) and (6) aresimilar and they areomitted. 2

Remark 1 Since

¹ 0;m;r =

(
Cr ; if m = 2r ;

0; if m 6= 2r

and

¹ 0;m =

(
Cm

2
; if m is even;

0; if m is odd;

setting º = 0 in relations (5) and (6) we obtain that

¹ k;n;r =
µ

n
2r

¶
Cr kn¡ 2r =

1
n + 1

µ
n + 1

r + 1; r; n ¡ 2r

¶
kn¡ 2r (7)

and

¹ k;n =
[ n

2 ]X

r =0

µ
n
2r

¶
Cr kn¡ 2r (8)
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which give (for k = 1) the well-known corresponding relations for Motzkin words [1].
Furthermore, for k = 2, relation (8) givesthe well-known relation of Touchard

Cn+1 =
[ n

2 ]X

r =0

µ
n
2r

¶
2n¡ 2r Cr :

Remark 2 From relation (6) we can easily deducerelations

¹ k+1 ;n =
nX

m=0

µ
n
m

¶
¹ k;m (9)

and

¹ k+1 ;n+1 =
nX

m=0

µ
n
m

¶
(¹ k;m + ¹ k;m+1 ): (10)

It is easyto check that from the above two relations, for k = 0 and k = 1, relations (1),
(2), (3) and (4) of [10] follow.

Remark 3 Applying relation (9) for k = 2, we obtain the number of all 3-coloredMotzkin
words of length n:

¹ 3;n =
nX

m=0

µ
n
m

¶
Cm+1 :

This number also gives the cardinality of the set of all tree-like polyhexeswith n + 1
hexagons(A002212) (for detailed de¯nitions see[13]), which can be coded by the 3-colored
Motzkin words in the following, recursive way:

If the polyhex consistsof the root hexagonAB CDEF only (with root edgeAB ), then
the corresponding 3-coloredMotzkin word is ². If the polyhex consistsof n + 1 hexagons,
then we have the following cases:If the only points of AB CDE with degree3 areC; D (D; E
or E; F , respectively) then the corresponding u 2 M 3;n is ¯ 1w (¯ 2w or ¯ 3w, respectively),
wherethe word w 2 M 3;n¡ 1 correspondsto the polyhex with n hexagonsand root edgeCD
(DE or EF , respectively) that we obtain if we delete the points of the root hexagonthat
have degree2, as well as the edgesincident with thesepoints; seeFig. 3 a,b,c.

B A B A B A B A

F F
F FC

C C
C

EE E EDDD Dw

w

w w w1 2

u = ¯ 1w u = ¯ 2w u = ¯ 3w u = aw1¹aw2

a b c d

Figure 3: The recursive coding of polyhexes
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If on the other hand the only points of the root hexagonwith degree3 are C; D; E; F
then the corresponding u 2 M 3;n is the word aw1¹aw2, wherew1 (resp., w2) is the 3-colored
Motzkin word which corresponds to the polyhex with lessthan n-hexagonsand root edge
CD (resp., EF ) that we obtain if we delete the points A; B as well as the edgesAB , BC,
DE and F A; seeFig. 3 d.

We continue by evaluating the coe±cients of the powersof Fk(x; y).

Prop osition 3.3 The coe±cients of F s
k (x; y), with s 2

� ¤, are given by the formula

[xnyr ]F s
k =

s
n + s

µ
n + s

s + r; r; n ¡ 2r

¶
kn¡ 2r ; (11)

where n; r 2
�

, with r · [n
2 ].

Proof : We de¯ne the function H (x) = xFk(x; y). It follows easily by equation (3) that

H (x) = x[yH 2(x) + kH (x) + 1]:

Thus, if we set P(¸ ) = y¸ 2 + k¸ + 1 we obtain that H (x) = xP (H (x)) and P(0) = 1.
Using Lagrangeinversionformula [20] we obtain

[xn ]H s =
1
n

[¸ n¡ 1]f s¸ s¡ 1(P(¸ ))ng:

Moreover, we have

s
n

¸ s¡ 1(P(¸ ))n =
s
n

¸ s¡ 1
nX

i =0

µ
n
i

¶
¸ i (y¸ + k) i

=
s
n

¸ s¡ 1
nX

i =0

µ
n
i

¶
¸ i

iX

º =0

µ
i
º

¶
yº ¸ º ki ¡ º

=
s
n

2nX

m=0

[ m
2 ]X

º =( m¡ n)+

µ
n

m ¡ º

¶ µ
m ¡ º

º

¶
km¡ 2º yº ¸ m+ s¡ 1;

where(m ¡ n)+ = maxf 0; m ¡ ng.
Thus, for m = n ¡ s we deducethat

[xn ]H s =
s
n

[ n ¡ s
2 ]X

º =0

µ
n

n ¡ s ¡ º

¶µ
n ¡ s ¡ º

º

¶
kn¡ s¡ 2º yº

for every n ¸ s.
Finally, applying the above equality for n + s insteadof s and setting º = r , we conclude

that

[xnyr ]F s
k =

s
n + s

µ
n + s
n ¡ r

¶µ
n ¡ r

r

¶
kn¡ 2r

=
s

n + s

µ
n + s

s + r; r; n ¡ 2r

¶
kn¡ 2r :
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2

We note that relation (7) is a special caseof relation (11), for s = 1.

We usethe last proposition in order to prove the following result:

Prop osition 3.4 The number of all u 2 M c
k;n;r that haveinitial rise of length s is equal to

[xnyr zs]Gk =
s

n ¡ s

µ
n ¡ s

r; r ¡ s;n ¡ 2r

¶
kn¡ 2r ;

where 1 · s · r · [n
2 ].

Proof : By relation (2) and proposition 3.3 we obtain that

[xnyr zs]Gk = [xnyr zs]f
1X

s=0

x2sysF s
k (x; y)zsg

= [xnyr ]f x2sysF s
k (x; y)g

= [xn¡ 2syr ¡ s]F s
k

=
s

n ¡ s

µ
n ¡ s

r; r ¡ s;n ¡ 2r

¶
kn¡ 2r :

2
Usingproposition 3.1and the samearguments asin the proof of proposition 3.4weobtain

the following result:

Prop osition 3.5 The number of all u 2 M k;n;r that haveinitial rise of length s is equal to

[xnyr zs]Fk =
ns ¡ r s + n + s ¡ 2r
(n ¡ s)(n ¡ s + 1)

µ
n ¡ s + 1

r + 1; r ¡ s;n ¡ 2r

¶
kn¡ 2r ;

where 1 · s · r · [n
2 ].

Notice that if n = 2r then both propositions 3.4 and 3.5 give the number of Dyck words
with prescribed height of the ¯rst peak [6].

4 Decomp osition in to prime words

A non-empty word u 2 M c
k is called prime if and only if it is not the product of two non-

empty c-Motzkin words. It is clear that the k-coloredMotzkin paths coded by a prime word
are the paths whoseonly intersectionswith the x-axis are their initial and ¯nal points. It is
evident that the word u 2 M k is prime if and only if the indices1; l(u) are conjugateswith
respect to u.

The following result, known for Dyck [17] and c-Motzkin [18] words is naturally extended
to k-coloredc-Motzkin words.
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Prop osition 4.1 Every u 2 M c
k is uniquely decomposed into a product of prime words.

It is clear that the words u 2 M c
k;n which are decomposedinto s prime words (compo-

nents) are the oneswhosecorresponding k-coloredMotzkin paths meet the x-axis at exactly
s ¡ 1 points, in addition to the points (0; 0) and (n; 0).

In this section,amongothers, the number of all u 2 M c
k;n with a ¯xed number of prime

components is evaluated. This is a well-known result in the caseof k = 0 (i.e., for Dyck
words, [7, 17]) and it is extended here for arbitrary k. For this, we consider one more
parameterd of M c

k , de¯ned by the number of prime components. Let Gk be the generating
function of M c

k accordingto the parametersl; r; p;d (coded by x; y; z; Á), i.e.,

Gk(x; y; z; Á) =
X

u

x l (u)yr (u)zp(u)Ád(u) :

Prop osition 4.2 The generating function Gk(x; y; z; Á) is given by the formula

Gk(x; y; z; Á) = 1 +
x2yzÁ(1 + kxFk(x; y))

(1 ¡ x2yzFk(x; y))(1 ¡ x2yÁFk(x; y))
:

Proof : Every non-empty u 2 M c
k can be uniquely written in the form u = aw¹av, where

w 2 M k , v 2 M c
k , r (u) = r (w) + r (v) + 1, p(u) = p(w) + 1 and d(u) = d(v) + 1. Thus, by

proposition 3.1 follows that

Gk(x; y; z; Á) = 1 +
X

w;v

x l (w)+ l (v)+2 yr (w)+ r (v)+1 zp(w)+1 Ád(w)+1

= 1 + x2yzÁ(
X

w

x l (w)yr (w)zp(w))(
X

v

x l (v)yr (v)Ád(v))

= 1 + x2yzÁFk(x; y; z)Gk(x; y; 1; Á)

= 1 + x2yzÁ
1 + kxFk(x; y)

1 ¡ x2yzFk(x; y)
Gk(x; y; 1; Á):

Further, applying the previousequality for z = 1 and using relation (3) we concludethat

Gk(x; y; 1; Á) =
1

1 ¡ x2yÁFk(x; y)

which implies the required formula. 2

Remark Since Gk(x; y; 1; Á) = Gk(x; y; z; 1), we obtain that the parametersp and d are
equidistributed. This is a well-known result for Dyck paths, i.e., for the casek = 0, see
[4, 5, 6, 7].

Furthermore, sinceGk(x; y; z; Á) = Gk(x; y; Á;z) we obtain the following result.

Prop osition 4.3 The number of all u 2 M c
k;n;r with s prime componentsand length of the

initial rise equal to m, is equal to the number of all u 2 M c
k;n;r with m prime components

and length of the initial rise equal to s.
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Proposition 4.3 can also be proved directly, by constructing an involution of M c
k as

follows:
We ¯rst de¯ne the mapping

Á : f u 2 M c
k : p(u) ¸ 2g ! f u 2 M c

k : d(u) ¸ 2g

such that if u = aaw¹av¹az with w; v 2 M k , z 2 M c
k , l (w)+ 3 conjugateof 2 and l(w)+ l(v)+ 4

conjugate of 1, then Á(u) = aw¹aav¹az. Obviously, Á is a bijection. Next we de¯ne the
mapping

µ : M c
k ! M c

k

with µ(u) = Áp(u)¡ d(u)(u), for every u 2 M c
k ; (here Áj stands for Á ± ¢¢¢± Á). This mapping

is well de¯ned, with l(µ(u)) = l(u) and r (µ(u)) = r (u).
It is easyto check, by induction on the number º (u) = jp(u) ¡ d(u)j that p(µ(u)) = d(u)

and d(µ(u)) = p(u) for every u 2 M c
k . It follows that µ is the required involution of M c

k .
In order to construct µ(u) from u 2 M c

k , we note that if p(u) = d(u) then µ(u) = u. If
p(u) > d(u), we delete the ¯rst º (u) a's of u and we insert one a after each ¹a of u which
corresponds to a conjugate of 2; 3; : : : ; º (u) + 1. Finally, if p(u) < d(u), we add º (u) a's
in the beginning of u, whereaswe delete the initial a from each one of the 2nd, 3rd, : : :,
(º (u) + 1)st prime component of u.

For example,for
u = a a a a a ¯ 1 ¹a ¹a a ¹a ¹a ¯ 2 a ¹a ¹a ¹a a ¯ 2 a ¹a ¹a a ¯ 1 ¹a 2 M c

2;24

we obtain
µ(u) = a a a ¯ 1 ¹a ¹a a ¹a ¹a a ¯ 2 a ¹a ¹a a ¹a a ¯ 2 a ¹a ¹a a ¯ 1 ¹a 2 M c

2;24:

This is illustrated by the corresponding 2-coloredpaths of u and µ(u) in Fig. 4.

Figure 4: The 2-coloredMotzkin paths corresponding to u and µ(u)

Remark From propositions 3.4 and 4.3 follows that the number of all u 2 M c
k;n;r with s

prime components is equal to

s
n ¡ s

µ
n ¡ s

r; r ¡ s;n ¡ 2r

¶
kn¡ 2r ;
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where1 · s · r · [n
2 ].

This extends a well-known result on Dyck words (i.e., for k = 0) [7, 17], to k-colored
c-Motzkin words for arbitrary k.

Furthermore, by summing the above numbers for all s 2 [r ] we easily obtain that the
number of all k-coloredc-Motzkin words of length n, with r risesis given by the formula

¹ c
k;n;r =

1
n ¡ r + 1

µ
n
r

¶µ
n ¡ r ¡ 1

r ¡ 1

¶
kn¡ 2r :

This formula hasbeenproved for k = 1 in a di®erent way [18].
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