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Abstract

This paper deals with the enumeration of k-colored Motzkin words according to
various parameters, such as the length, the number of rises, the length of the initial
rise and the number of prime componerts.

1 Intro duction

There exists an extendedliterature on Dyck and Motzkin paths and their relationship with
many other combinatorial objects [[1, [0, 1, 5 L4 [9 EA. It is well known that the
sets of Dyck paths of length 2n and Motzkin paths of length n are enumerated by the
Catalan numbersC, (RO00I0f and the Motzkin numbersM , (RO0IO00J), respectively. More
generally there is great interest in k-coloredMotzkin paths [H], which have horizontal steps
coloredby meansof k colors.

This paper dealswith the set of k-colored Motzkin words (or equivalertly paths) and
with somesubsetsof it, de ned by various parameters.

In sectionf], somebasic de nitions and notations referring to the setsM  and M { of
(k-colored) Motzkin and c-Motzkin words respectively are given.

In section [}, using the generating functions F, and Gx of M  and M | respectively,
accordingto the parameters\length”, \number of rises" and \length of the initial rise",
the cardinalities of seweral subsetsof M  are evaluated. Furthermore, using the Lagrange
inversionformula, the coezcients of the powers of Fy are determined.
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Finally, in sectionf, the decompsition of the elemerts of M § to prime words is studied.
The generatingfunction G¢ of M | accordingto the three previous parametersand to the
parameter \n umber of prime componerts" is determined. This is usedto show that the
number of all u 2 M | with s prime componerts and length of the initial rise equalto m is
equalto the number of all u2 M ¢ with m prime componerts and length of the initial rise
equalto s.

2 Preliminaries

called colors of E. The number of occurrencesof the letter x 2 E in the word u is denoted
by jujx, the length of u by I(u), and the number of risesof u by r(u).

We denote by E" the set which contains all the words with letters in E aswell as the
empty word 2. A word u 2 E® is called k-colored Motzkin word if juj, = jujs and for every
factorization u = wv we have jwjy = jwj,.

A Motzkin path of length n is a lattice path of 2 running from (0;0) to (n;0) that
newver passesbelov the x-axis and whosepermitted stepsare the up diagonal step (1;1),
the down diagonalstep (1;j 1) and the horizorntal step (1;0), calledrise, fall and levelstep
respectively. If the level stepsare labelled by k colorswe obtain the k-colored Motzkin paths

It is clearthat ead k-colored Motzkin path is coded by a k-colored Motzkin word u =
uiu, ¢Cu, 2 E° sothat ewery rise (resp.,fall) correspndsto the letter a (resp., &) and every
coloredlevel correspndsto a certain color of E; seeFig. [I.
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u=aa 84aba a ,aabad a -4

Figure 1: A 2-coloredMotzkin path and its correspnding Motzkin word

We denoteby M ., (resp.,M ) the setof all u2 M ¢ with I(u) = n (resp.,I(u) = n
andr(u) =r) andweset! ., = JM .nj (resp., xnr = M knr ).

It is well known that if k = 0; 1 we obtain the setsof Dyck and Motzkin words, respec-
tively. The 2-coloredMotzkin words have beenstudied in [[J]. More precisely we have:

Cn: if nisewen;
10;n: 2 11;n: Mp; 12;n:Cn+1:

0) if nis odd,

The 3-colored Motzkin paths correspnd to the tree-like polyhexesde ned by Harary
3], aswe will seein the next section.



Let u = ujup ¢¢¢u, 2 M .. Twoindicesi;j 2 [n] = f1;2;:::;ng with i < j are called

for which the segmen u;u;+; ¢¢¢u; of u is a k-coloredMotzkin word.

A word u 2 M ., is called (k-colored) c-Motzkin word if and only if every i 2 [n] with
ui 2 fa;ag, lies betweentwo conjugateindices. It is clear that the c-Motzkin words code
exactly thosek-coloredpaths that have no level stepson the x-axis; seeFig. f.
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Figure 2: A 2-coloredMotzkin path and its correspnding c-Motzkin word

The c-Motzkin words have beenintroducedand studied in the casek = 1, [[[{].
In the following sectionswe will refer to the setsM ¢, = Mg\ My, and M ¢, =

Mg\ M o with cardinalities® ¢, and .., respectively.

3 Enumeration of sets of k-colored Motzkin words

In this sectionwe ewaluate the cardinal number of seweral subsetsof M  de ned by various
parameters.We rst needthe following de nition.

The initial rise of a non-empty word u = uju, ¢¢¢u, 2 M  with u; = ais the segmenh
upu ¢¢¢u; whereu. = aforevery® 2 [[Janduj,; 6 a. If u= 2 oru; 6 a, the initial rise of
u is the empty word. We denoteby p(u) the length of the initial rise of u.

Let Fx and Gk be the generatingfunctions of M  and M ¢, respectively, accordingto the
parametersl, r, p (coded by x, vy, 2), i.e.,

X
Fk(X, y’ Z) — Xl(u)yr(u)zp(u)
uz2Mm g

and X
Gi(xy;z) =  xWy Wz
uzm ¢

Prop osition 3.1 The geneating functions Fy, Gy are given by the formulae

1+ kxFg(X;y)
1i x2yzF(x;y)

Fu(Xy;2) = (1)

and
1

1i x2yzFy(x; y); 2)

Gk(x;y;2) =

3



whele the geneating function Fy(x;y) = F¢(X;y; 1) satis es the equation

X2YF2(x;y) + (kx| 1)Fe(x;y)+1=0 3)
and hen@ q
1i kxi (L kx)?i 4x?y
Fe(x;y) = 2xy ; (4)

Proof: We caneasilyverify that for k 6 0 ead nonempty u 2 M  canbe uniquely written in
either of the formsu = v for somev2 M  and® 2 [k], or u = awév for somev;w 2 M ,
whereindices1, I(w) + 2 are conjugateswith respect to u.

Obviously, sincein the rst casep(u) = 0, r(u) = r(v) and in the secondcaser(u) =
r(w)+ r(v) + 1, p(u) = p(w) + 1, we obtain that

Fexy;z) = 1+ X XI(_nv)yr(v) + X (W) 1(v)+2 yr(w)+r(v)+1 ZP(wW)+1
°0=1 v w;v
= 1+ kxF(X;y) + X2yzF(X; Y; 2)Fi (X Y):
Thus,
1+ kxFy(X;y)
1i x2yzFe(x;y)’

Fu(xy;2) =
Moreover, applying the above equality for z = 1 we deducethat
X2yF2(xy) + (kx i 1DF(x;y)+ 1= 0
The proof of ([) for k = 0 follows as above with somesimple modi cations.

The proof of (f)) is similar and it is omitted. 2

Remark The generating function Fy can be obtained as an application of a cortinued
fraction result [[[J]. More preciselyif we apply theorem 1 of [[[J] by courting the risesby xy,
the falls by x and the level stepsby kx we concludethat

1

Fr(xy) =

1i kxj
1i kxj

which easily leadsto equation ([).

Example We computethe number of k-coloredc-Motzkin words of length n, for k = 1 and
k = 2, using the generating functions C(x) and M (x) of Catalan and Motzkin numbers,
respectively. For this we useformula (f}) for the generatingfunction G¢(x) = Gk(x; 1; 1) of
M i accordingto the length.



1) For k = 1, we have that

_ 1 a 1 _ 1+ xM(x)
Ga(x) 1i x2F1(x) 1 x2M(x) 1+ x
s s
= GO °ax)
n=0 n=0
A X .
= ( GD°n i)x";
n=0 i=0
where
. Mp, 1; ifn, 1;
" 0; if n=0:
Thus,
xXn , X 2 ,
1in = (i )°ni = (i D'Mn; i 15
i=0 i=0

foreveryn, 2.
We note that from the above formula we deducethat for every n | 2,

1C 1C —
1;n+ Lni 1~ Mni 1

which implies that the number of c-Motzkin paths of length n is equal to the number of
Motzkin paths of length nj 1 with at leastonelevel step on the x-axis [[[4].

2) For k = 2 and since

% % 1
Fo(x) = Lonx" = Chay X" = ;[C(x) i 1]1= C3(x);

we obtain that 1

1 XZCZ(X):
So,the generatingfunction G,(x) coincideswith the generatingfunction of Fine numbers
fn [H] and hencewe concludethat * 5. = f;.

Ga(x) =

In the following result we give recursive formulae for the sequences$ .., and?® ..

Prop osition 3.2 For everyk;°;n;r 2 with r - [3] we havethat

)Q’l I“l nﬂ . Xq H nﬂ .
Lromy = Lme oMM = m Lo KM (5)
m=2r m=2r
and uo uo
X "n X P |
Lgron = 1k;mOnl m = 1o;mkn' m. (6)
m=0 m=0 m



Proof: From relation (f}) we easily obtain that

Fu(z7ex:Y) _ P50 Y)

Freo (X y) =

1j °x  1j kx
for every k;© 2 .
On the other hand, we have that
Fly) _ ® *! . 1
1. ow kmr XY T Smet
ll °X m=0 r=0 (1| X)
sz_]l mr)4 “imilﬂ.oi
= k;m;r XY - (i °x)
m=0 r=0 j=0 J
% 1Blx YL
- 1k'm'r . lel myr
m=0 r=0 j=0 J
X j(%] Ty VIRl
= L emr N onim Xnyr
n=0 r=0 m=2r
It follows that
xn M nﬂ
Lgromy = 1k;m;rOni m:
m=2r
Moreover, using the above relations we obtain that
Vel x M1 el x M1
1 e 1 — onim 1 e 1
k+°n — k+°;n;r — m k;m;r — k;m
r=0 m=0 r=0 m=0

The proofsof the secondparts of relations (F) and () are similar and they are omitted. 2

Remark 1 Since

L C; ifm=2r;
oimir 0} if mé 2r
and (
Cm: if misewen;
1 = 2
om

0; if m is odd;

setting © = 0 in relations (H) and () we obtain that
HoT H |l

n . 1 n+1 .
1, = ni2r — nj 2r
kinir 2r Cik n+1 r+2Lrnj 2r
and
gru T
Ten = o C/ k" &

r=0

(7)

(8)



which give (for k = 1) the well-known correspnding relations for Motzkin words [fI].
Furthermore, for k = 2, relation () givesthe well-known relation of Touchard

el |

n .
Chs1 = or 2N 2rC,:
r=0

Remark 2 From relation () we can easily deducerelations

xn H nﬂ
Lsim = m L em (9)
m=0
and o M nﬂ
1 k+l:n+1 = m (* k:m T 1 k;m+1): (10)

m=0
It is easyto ched that from the above two relations, for k = 0 and k = 1, relations ([,
(. (@ and (@) of [J] follow.

Remark 3 Applying relation (f}) for k = 2, we obtain the number of all 3-coloredMotzkin
words of length n:
xn M N 1
3n = Cms:
m=0 m

This number also gives the cardinality of the set of all tree-like polyhexeswith n + 1
hexagons(A00221)) (for detailed de nitions see[[[J]), which can be coded by the 3-colored
Motzkin words in the following, recursive way:

If the polyhex consistsof the root hexagonAB CDEF only (with root edgeAB), then
the correspnding 3-coloredMotzkin word is 2. If the polyhex consistsof n + 1 hexagons,
then we have the following cases:If the only points of AB CDE with degree3areC;D (D;E
or E; F, respectively) then the correspndingu 2 M 3., is 1w ( ;w or 3w, respectively),
wherethe word w 2 M 3.5, 1 correspndsto the polyhex with n hexagonsand root edgeCD
(DE or EF, respectively) that we obtain if we delete the points of the root hexagonthat
have degree2, aswell asthe edgesincidert with thesepoints; seeFig. [ a,b,c.

1

u= 3w u= aw;aw,
C d

Figure 3: The recursiwe coding of polyhexes
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If on the other hand the only points of the root hexagonwith degree3 are C;D;E;F
then the correspndingu 2 M 3., is the word aw,&w,, wherew; (resp., w,) is the 3-colored
Motzkin word which corresppndsto the polyhex with lessthan n-hexagonsand root edge
CD (resp., EF) that we obtain if we deletethe points A; B aswell asthe edgesAB, BC,
DE and FA; seeFig. f d.

We cortinue by evaluating the coexcients of the powers of F(X; ).

Prop osition 3.3 The coetcients of F2(x;y), with s2 “, are given by the formula
M

S n+s .
kM 2 11
n+s s+r;r;nj 2r (11)

X"y IR =

wheen;r 2, withr - [3].

Proof: We de ne the function H(x) = xF«(x;y). It follows easily by equation () that
H(x) = x[yH?(x) + kH (x) + 1]:

Thus, if wesetP(,) = y, 2+ k, + 1 we obtain that H(x) = xP (H(x)) and P(0) = 1.
Using Lagrangeinversionformula we obtain

XHE = LTS, S P )

Moreover, we have

o BT
S . S . n . :
SEMPC)T = Sy, k)

i=0

xn Mnﬂ Xi P-iﬂ

— sil i ° °kii°
. o s

i=0 ! °=0
S)gn knzl] H n ﬂumi oﬂ
= kmi 2°y° m+sj 1.
ml o [0} > !
m=0 °=(mj n)*
where(mj n)* = maxtO;mi ng.

Thus, for m = nj s we deducethat

ST U (S
[x”]HS:EW A ni si°®

. . 0 o
nozo ni Sij

kn; sj 2° y°

foreveryn, s.

Finally, applying the above equality for n + s instead of s and setting © = r, we conclude
that

TR "o
Ky IFe = NS T i
n+s njr r q
S n+s

= kanr.
n+s s+r;r;nj 2r




We note that relation ([]) is a special caseof relation ([LT), for s = 1.

We usethe last proposition in order to prove the following result:

Prop osition 3.4 The numter of all u2 M ¢.... that haveinitial rise of lengths is equalto

sH ni s 1

ni s rrjsnj2r

nj 2r.

X"y ]G =
wheel:- s- r- [3]

Proof: By relation ([) and proposition B.3 we obtain that

b
X"y ]Gk = [X"Y' I XY F(X;Y)Z°g
s=0
= [X"Y' XY F(X; y)g
[Xni ZSM” S]Flf
S ni s
ni s rrjsnja2a2r

T

nj 2r.

2
Using proposition B.] and the sameargumeris asin the proof of proposition -4 we obtain
the following result:

Prop osition 3.5 The numker of all u2 M ., that haveinitial rise of lengths is equal to
1

H
nsj rs+n+sj 2r ni s+1 ni 2r.

n,,r SF —
X7y Z°]F (nj s)(nj s+1) r+Lrj snj 2 ’

wheel- s- r- [3]

Notice that if n = 2r then both propositions B.4 and B.3 give the number of Dyck words
with prescribed height of the rst peak [f].

4 Decomp osition into prime words

A non-empty word u 2 M ¢ is called prime if and only if it is not the product of two non-
empty c-Motzkin words. It is clearthat the k-coloredMotzkin paths coded by a prime word
are the paths whoseonly intersectionswith the x-axis are their initial and nal points. It is
evidert that the word u 2 M  is prime if and only if the indices1;1(u) are conjugateswith
respect to u.

The following result, known for Dyck [[[] and c-Motzkin [[Lg] wordsis naturally extended
to k-coloredc-Motzkin words.



Prop osition 4.1 Everyu 2 M ¢ is uniquely decomposel into a product of prime words.

It is clearthat the wordsu 2 M §., which are decommsedinto s prime words (compo-
nerts) are the oneswhosecorrespnding k-coloredMotzkin paths meetthe x-axis at exactly
si 1 points, in addition to the points (0;0) and (n; 0).

In this section,amongothers, the number of all u2 M ¢, with a xed number of prime
componerts is evaluated. This is a well-known result in the caseof k = 0 (i.e., for Dyck
words, [[1, 1) and it is extended here for arbitrary k. For this, we consider one more
parameterd of M ¢, de ned by the number of prime componerts. Let Gy be the generating
function of M ¢ accordingto the parametersl;r;p;d (coded by x;y;z; A), i.e.,

X
Gk(x, y’ Z; A) = Xl(u)yr(u)zp(u)Ad(u)

u

Prop osition 4.2 The geneating function Gy (x;y; z; A) is given by the formula

x2yzA(1 + KxFy(X; y)) .
(Li xyzF (G y)(L i X2yAR(X;Y))

Proof: Every non-empty u 2 M ¢ can be uniquely written in the form u = awav, where
W2Mygv2Mg r(u)=r(w)+r(v)+ 1, p(u) = p(w)+ 1andd(u) = d(v) + 1. Thus, by
proposition B.] follows that

Gu(xy;z;A) = 1+

X
Gk(X; y:Z: A) 1+ X|(W)+ I(v)+2 yr (w)+ r(v)+1 Zp(w)+l Ad(w)+1
X X )
1 + XZyZA( XI(W)yr (W)ZP(W))( XI(V)yr (v) Ad(v))
w A\
1+ X?yzAR(X; y; 2)G(X; ¥ 1 A)
1+ kxFy(x;
1+ x%yzA XFi(x:y)
1i x2yzFy(Xx;y)

Gk(X;y; 1, A):

Further, applying the previousequality for z = 1 and using relation () we concludethat

1

Gy LA = T AR )

which implies the required formula. 2

Remark Since Ge(x;y:1;A) = Gy(x;y;z;1), we obtain that the parametersp and d are
equidistributed. This is a well-known result for Dyck paths, i.e., for the casek = 0, see
BB B 0 , ,

Furthermore, sinceGy(X; y; z; A) = Gk(X;y; A;z) we obtain the following result.
Prop osition 4.3 The numter of all u2 M {.., with s prime componentsand length of the
initial rise equalto m, is equal to the numker of all u 2 M ¢, with m prime components
and length of the initial rise equalto s.
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Proposition -3 can also be proved directly, by constructing an involution of M { as
follows:
We rst de ne the mapping

A:fu2Mg:p(u), 29! fu2M¢:du), 29

sud that if u = aawavaz with w;v2 M,z 2 M ¢, I(w)+ 3 conjugateof 2 and [(w) + I(v) + 4
conjugate of 1, then A(u) = awaavéz. Obviously, A is a bijection. Next we de ne the
mapping

H:ME! Mg
with p(u) = APWidW () for every u 2 M ¢; (here A standsfor A+ ¢¢¢+ A). This mapping
is well de ned, with I(u(u)) = [(u) and r((u)) = r(u).

It is easyto ched, by induction on the number®(u) = jp(u) i d(u)j that p(pu(u)) = d(u)
and d(pu(u)) = p(u) for everyu 2 M §. It follows that p is the requiredinvolution of M ¢.

In order to construct p(u) from u 2 M ¢, we note that if p(u) = d(u) then p(u) = u. If
p(u) > d(u), we deletethe rst °(u) a's of u and we insert one a after ead & of u which
corresppnds to a conjugate of 2;3;:::;°(u) + 1. Finally, if p(u) < d(u), we add °(u) a's
in the beginning of u, whereaswe delete the initial a from ead one of the 2nd, 3rd, :::,
(°(u) + 1)st prime componert of u.

For example,for

u-aaaaa 4habd ,abbha adha 82M3,,
we obtain
Muy=aaa atabbda abhaba adha 82M3,,

This is illustrated by the correspnding 2-coloredpaths of u and p(u) in Fig. [

Figure 4: The 2-coloredMotzkin paths correspndingto u and p(u)

Remark From propositions B.4 and [.3 follows that the number of all u 2 M §. .. with s
prime componerts is equal to
s M ni s
ni s rrjs;nj 2r

nj 2r.

11



wherel- s- r - [3].

This extends a well-known result on Dyck words (i.e., for k = 0) [[, [[]], to k-colored
c-Motzkin words for arbitrary K.

Furthermore, by summing the above numbers for all s 2 [r] we easily obtain that the
number of all k-coloredc-Motzkin words of length n, with r risesis given by the formula

1 Iln‘"uniril‘"

e = —— Kni 2
oy r+1or ri 1

This formula hasbeenproved for k = 1 in a di®eren way [[LJ)].
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