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Abstract

SupposeA = fa(i;j)g; fori, Oandj , 0;is the dispersionof a strictly increasing
sequencer = (r(0);r(1);r(2);:::) of integers where r(0) = 1 and in nitely many
postive integers are not terms of r: Let R be the set of such sequencesand de ne t
on R by tr(n) = a(0;n) for n , 0O: Let F be the subsetof R consisting of sequences
r satisfying ttr = r: The set F is characterized in terms of ordered arrangemerns
of numbersi + ju.  For xed i , O; the sequencea(i;j); for j , 1;is the (i +
1)st partial complemen of r: Central to the characterization of F is the role of the
families of gurate (or polygonal) number sequencesind the certered polygonal number
sequences. Finally, it is conjecturedthat for every r in R; the iterates t?™r corverge
to a sequencen F.

In tro duction

Let N denote the set of positive integers. Supposer = (r(0);r(1);r(2);:::) is a strictly
increasingsequenceof integerswith r(0) = 1 and in nite complemen in N: Let r” be the
sequencebtained by arranging in increasingorder the complemen of r. Let

a(0;0) = 1; a(0;1) = r°(1);

and inductively,

a(0;j) = r*(a(0;j i 1))
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forj , 1. The sequence(0;]); forj , 1;isthe 1st partial complementof r: For arbitrary
i , O; supposethat the sequencea(i; j) forj , 0is de ned, and let a(i + 1;0) be the least
number in N that is not a(h;j) for any (h;j) satisfyingO- h- iandj , 0. De ne

ai + Lj)=r’ali + Lj i 1) (1)

for j . 1. In this inductive manner,an array A = fa(i;j)g; fori , 0;j , 0;is de ned.
It is called the dispersion of r®: (In [3], wherethe terms dispersion and interspersion are
introduced, the indexingis by i , 1;j , linsteadofi, 0O;j , 0:) For xed i, 0and
variablej , 1; the sequencea(i; j) is the (i + 1)st partial complementof r:

To summarize, the dispersion A of the complemen of r; henceforth denoted by A(r);
consistsof rst columnr together with the terms of r® dispersedinto partial complemetts;
row i of A(r) consistsof rst term r(i) followed by the (i + 1)st partial complemen of r.
It is sometimesdesirableto use a recurrencefor a(i + 1;j) that refersdirectly to r: To
dewelop sud a recurrence,for any strictly increasingsequencéin N; let #( %n) - m)
denote the number of n | 1 satisfying An) - m: Clearly, “£h) is the least m satisfying
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#( ¥%n) - m) = h: Now take 2= r® and h = a(i; j ) to seethat

a(i;j + 1) = leastm satisfying (#( r’(n) - m)= a(i;j)):

As#(r(n) - m)+ #(r°(n) - m) = m; we obtain

a(i;j + 1) = leastm satisfying (mi #(r(n)- m)= a(i;j))

minfm:maxfn:r(n)- mg= a(i;j)i m+ 10: (2)

This recurrenceis especially usefulin coding computer programsthat generatedispersions.

Let R be the set of sequences described in the rst sertence. Let tr denotethe rst
partial complemen of r; and let F be the family of sequences for which ttr = t: A main
objective of this paper is to characterizeF in terms of sequencesssaiated with multisets
of the form

Su=fi+jui, 0 j, Og; ®3)
wherep is a positive real number. The numbersin S, aredistinct if pis irrational; otherwise,
write | = c=d;wherec and d are relatively prime positive integers. Then a numberi + ju
occursmorethan oncein S, if andonly if i | c;andin this casethe represemations of i + j 4
are these:
i; ij ctdy ij 2c+ 2d ¢ee; i j bi=ccc+ bi=ccdu

In order to treat theseasdistinct objects, we represeth ead h+ kpasan orderedpair (h; k);
sothat the represemations of i + j 4 become

(150) (ij cd); (ij 2c;2d);¢ee; (i j bi=ccc;bi=ccd):

De ne an order relation A onthe setf(i;j): i, 0;j , Ogby

(i1;j1) A (izj2) if ig+ jau< iz + jop
(i) A(inj2) ific+jiu= i+ jopandji < ja
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We extendthis de nition to the casethat pis irrational, noting that the condition i+ j;u=
i>+ joudoesnot occur. Now for any real > O; the rank array of pis de ned by

Au=fa(irj):i, 0], Og
where
ay(i;j) = rank of (j;i) under A :
(De ning ay(i; j) asthe rank of (j; i) rather than that of (i; j ) facilitates later developmerts,
sud as equation (13) and connectionswith Farey sequencesFor irrational ; the condition
\rank of (j;i) under A" canbe replacedby \rank of j + ip under [ordinary] <"; in this case,

ru(n) is simply the rank of np amongall the numbersh + k)
As an example,let c= 4andd= 3: Then

(0;0) A (1;0)A (0;1) A (2,00 A (1;1) A (0;2) A (3;00A (2;1)A (1;2) A
(4;0) A (0;3)A (3;1)A (2;2) A (5;0)A (1;3)A (4;1) A (0;4) A (3;2) A
(6;0) A (2:3)A (5;1) A (1;4) A (4;2) A (0;5) A (7;0) A (3;3)A (6;1) A
(2;4) A (5;2) A (1;5) A (8;0) A (4;3) A (0;6) A ¢¢¢

Numbering thesefrom 1 to 33 shows that the rank array A,=; starts like this:

1 2 4 7 10 14 19 25 31
3 5 8 12 16 21 27

6 9 13 18 23 29

11 15 20 26 32

17 22 28

24

33

Theorem 1.1 Supmwsep> 0. Then A, is an interspersion.

Pro of: We shall show that ead of the propositions(I11)-(I4) that de ne an interspersion
in [3] is satis ed:

(11) The rows of A, comprisea partition of N; asN is the set of ranks of numbersin
S,; and theseranks are partitioned by the rows of A

(12) Every row of A, is an increasingsequenceas (j;i) A (j + 1;i) foralli, 0;j, O

(I3) Every column of A, is an increasingsequenceas (j;i) A (j;i + 1) for all i , O©;
j, O

(14) If (u;) and (v;) are distinct rows of A, and if p and q are indices for which u, <
Vq < Ups1; then Upsy < Vg1 < Upep: That is, in the presen cortext, if i 6 i®and a(i; p) <
a(i%q) < a(i; p+ 1); or equivalertly,

(pi) A (i) A (p+ Li);
then
(p+ Li)A (g+ LiY A (p+ 2i);
or equivalertly, a(i; p+ 1) < a(i®qg+ 1) < a(i; p+ 2): o



Corollary 1.1 For i, O; let s be the sequene obtained by deleting the initial term of row
i of Ay Then s is the (i + 1)st partial complementof column 0 of A;:

Pro of: By Theorem1 of [3], the array A, is a dispersion,and as shavn in the proof in
[3],
a(i;j + 1) = t(a(i; j));
where (t(k)) denotesthe sequenceof numbers, arranged in increasing order, in the set
Nnfa(0;j) :j , Og; this setbeingthe complemen of column O of A . a
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Let r, denotecolumn O of A;: By Corollary 1, row 0 of A, is the sequencdr ; a property
to be usedin the next proof.

Corollary 1.2 Supmsep is a positive irr ational number: Then tr, = rqy-, and ttr , = ry:
Pro of: Referringto the array A,-;; we have,form, Oandn, O;

ai-y(m; n) = (rank of m+ n=pin S;-)
= (rank of mp+ nin S,)
= ay(n; m):

That is, Ay, is the transposeof A,;: Consequetly, A;-1-y = Ay; sothat ttr, = r: a

A dispersionf a(i; j )g is transpmsableif its transpose,fa(j;i)g; is a dispersion. According
to Corollary 3, the dispersionsof AP5 and A,_P5 are transposable; northwest corners of
thesearrays are shavn in Example 1 We shall seein section 3 that there are transposable
dispersionsother than those given by the proof of Corollary 3.

Example 1: The arrays A, and A, for p= P 2
1 2 4 7 10 ::: 1 3 6 11 17
3 5 8 12 16 :: 2 5 9 15 22
6 9 13 18 23 ::: 4 8 13 20 28
11 15 20 26 32 ::: 7 12 18 26 35

17 22 28 35 42 ::: 10 16 23 32 42

Initial terms of tr can be written out from initial terms of r; for any r in R; by meansof
a handly little algorithm. We usethe sequence = (1;2;4;7;10;:::) of column 0 of AP to
exemplify:



Step 1. Write initial terms of the complemen, r®; with courting numbers
above:

112|{3/4 567 8 9 10/11|12 13 14
3/5(6/8 91112 13 15 16|17|18 20 21

Step 2. Determinethe chain1! 3! 6! 11! 17! ¢¢¢; asindicated by
the paired rectangles. Thesenumbersform the sequencadr; alias row 0 of AP 5;
alias (after the initial 1) the 1st partial complemen of r: (Note that repeating
the procedurestarting with the pair (2;5) yields the 2nd partial complemen of
r; and soon.)

If 2 N; then the sequences, and r,-,; we shall prove in section2, are closelyrelated
to certain well-known sequences. We cortinue this introduction with an overview of those
sequenceswith referenceto indexing systemsin [5] and [6]. Sequence®f polygonal (or
“gurate) numbers,typi ed by

P: = (1;3;6; 10, 15;:::) = triangular numbers (A000217in [6], 253in [5])
P, = (1;4;9;16,25;:::) = squarenumbers (A000290in [6], 338in [5])
Ps = (1;5;12 22 35;:::) = pertagonal numbers (A000326in [6], 339in [5]),
are givenfor k , 1 by u q
n+1

Pm)=k 7,7 +n+1 (4)

forn, 0. Sequencesf certral polygonal numbers,
Q1= (1;3;7,13 21;:::) = certral polygonal numbers (A002061in [6])
Q2 = (1;4;10,19 31;:::) = certral triangular numbers (A005448in [6])
Qs = (1;5;13 25,41;:::) = certral squarenumbers (A001844in [6]),

aregivenfor k , 1by u

Q=+ "2t 41 )

forn, O; sothat
Qk(n) = Pxsr ()i n: (6)
The sequence®y and Qy are easily expressedn terms of P; and Q;:
Pe(n) = Py(n) + (ki 1)Py(nj 1);
Qk(n) = Qu(n) + (ki L)Py(nj 1);

fork , 1, n, 1. For a colorful introduction to the geometryassaiated with the numbers
Py and Qy; see[l, pp. 38-42]. Considernext the sequences

P, = (1;2;4;7;11;:::) = lazy caterer sequencgA000124in [6], 386in [5])
B, = (1;2,3;5,7;:::) = (A001401in [6], 354in [5])
b, = (1;2;3;4;6;:::) = (A008748in [6])
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and

0, = (1;2;4;6;9;:::) = quarter-squaressequencgA002620in [6], 105in [5])
8, = (1;2,3,5:7;::1) = (A001840in [6], 207in [5])
(93 = (1;2;3;4;6;:::) = (A001972in [6], 2080n [5]).

Thesetypify familiesde ned for k , 1 by

B = b+ T )
B = i p+ I ®

forn, 1; Wherelbk(O) = @k(O) = 1. Fork = 1, therecurrence(7) giveslbl(n) = Ibl(ni 1)+n;
whenceby induction,

By(n) = Py(n) i n: 9)

Also, equation (7) implies that B, is the seguenceobtained by arranging in increasing
order the numbersin the set

fig[ fP(n)+i(n+ 1)+ 1:0- i- kj Ln, 1g (10)
Likewise,equation (8), or alternatively the idertity
B(n) = By (n+ 1) 1L (11)
can be usedto prove that the sequence’@k results by ordering the numbersin the set
fig[ fQ(n)+in+ij 1:0- i k;n, 1g: (12)

The sequence@k; for k , 2; count certain restricted partitions called denumeants in
[2, pp. 108-124]Jand [5]. Referencedisted in [6] and [5] lead to extensiw literature on the
sequence®y and Qx: Howewer, obsenations of relationships (e.g., Theorem4) betweenPy
and B, (and betweenQy and @k) to be provedin section2 may be new.

As a nal introductory note, interspersionsare closelyrelated to fractal sequencessee
[7] for a list of references. Thus, results proved below for interspersions(hencedispersions)
could to be stated in terms of fractal sequences.

2 Rank Sequences

In this section,the word rank refersto the ordinary less-than-or-equarelation, - (not the
p-dependert relation A de ned in section 1, which will be consideredfurther in section4.)
Recall from section 1 that for rational ; the multiset S, in (3) cortains repeated elemerts,
sothat an element may have more than onerank.



Supposep> Oandn, 0. The minrank sequene of p; denotedby m,; is de ned by
my(n) = leasth sud that n hasrank h in S;
and the maxrank sequene of |; denotedby M ; is de ned by
M,(n) = greatesth sud that n hasrank h in S;:
If pis a positive integer, then the lower self-rank sequene of pis de ned by
“u(n) = my(pn);
and the upper self-rank sequene of |, by
Ly(n) = My(un):

As L, is clearly the sequence, of section 1, we shall henceforthwrite it asr,: Of course,
my, = My (and ", = ry) if and only if pis irrational.
For any real p> 0;
rg(n) = #£(;j) i+ jp- nug:
Considerthe set of (i; j) satisfying(nj 1)u< i+ ju- ny; or equinalertly, (nj j i 1)u<
i- (nj j)x Thereisonesudi forj = n;andforj = 0;1;:::;nj 1, the number of suc
iisb(nj j)uci b(nj ji 1)uc: Summinggivesa simple recurrence

ra(n) =ry(nj 1)+ bnpc+ 1 (13)
for n, 1; from which follows
X
ra(n) =n+ 1+ bipc: (14)
i=1
Alternativ ely, we may write
ru(n) = #f(@i5j): i+ju- nug

#E(5)) ) - ni i=g;
sothat the numbersj to be counted are0;1;2;:::;bnj i=uc; fori = 0;1;:::;bnuc; and

e
r(n) = 1+ bni i=p)
i=0
B
= bnpc+ 1+ bnj i=pc: (15)
i=0
(Equations much like (14) and (15) appearin [4]; the sequence 3-, is A077043in [6].)
Clearly,
Mu(n) = Mazy(n=p) = ri=y(n): (16)
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If pis rational, write u= c=d;wherec and d arerelatively prime numbersin N: Then there
areatotal of bn=ac+ 1 pairs (i; j ) satisfyingi+ ju= n; sothat thereareM (n); (bn=cc+ 1)
pairs (i; j) satisfyingi + ju< n: Consequetly,

Me=d(N) = Mc=(n) i bn=ac = rg=¢(n) j bn=cc: (17)

Table 1. Sequences associated with p= 2

n 0[1[2][3[4[5[6 78] 9 |10] 11
S(n) [o0]1[2[2[3[3 4|44 5| 5|5
mun) (1235 |7 [10]13]17|21| 26 | 31 | 37
Mun) |[1]2[4] 6|9 [12]16|20[25| 30 | 36 | 42
W) 13713 21[31[43[57|73| 91 111|133
ru(n) ||1]4[9|16|25|36|49|64|81|100| 121 144

As suggestedby Table 1, the self-rank sequence®f a positive integer, k; are, loosely
speaking,the sequence®, and Qi in sectionl. A more precisestatemert of this connection
takesthe form of Theorem 2.

Theorem 2.1 Supmsep2 N. The upper self-rank sequene of p is given by
ru(n) = Py(n); n, O
The lower self-rank sequene of p is given by
u(n) = Qya(n); n, O if p, 2
“1(n) = By(n); n, O
Pro of: Supposen ., 0: Putting bipc = iy in (14) gives
X
rfn)=n+1+p i

i=0

Pu(n); by (4).

As the rank of the rst occurrenceof un in S;; the number “,(n) is easily obtained from
ru(n); the total number of occurrencesof pn beingn + 1; thus

w(n) =ry(n)i n=Py(n)i n

In casep, 2; we thereforehave " (n) = Q. 1(n); by (6), and if p= 1; then "y(n) = P,(n);
by (9). a



Theorem 2.2 Supmsepis aninteger, 2: If n, 0; then

My(n) = ri=y(n) = Gy 1(n); (18)

Mi=y(N) = Qy 1(n); (19)

Ma=y(n) = Pu(n); (20)

my(n) = B,(n): (21)

Proof: That My(n) = ri-,(n) has already beenestablished. Equations (14) and (8)
give 1 0 1 0

I'lzu(n) = rlzp(ni 1)+ B +1 and Qui 1(n) = @ui (nj 1)+ E + 1

showing that the sequences;-, and @uﬂ have a commonrecurrencerelation. As they also
have idertical initial terms, (18) follows.

Next,
M=y(n) = ru(n) i n; by (17)

= Py(n) i n; by Theorem?2

= Qy 1(n) by (6), and (18) is proved.
Further,

Mi=y(n) = ryu(n); by (12)
= Py(n); by Theorem2, sothat (19) holds,

and

mu(n) = ri=(n) i bn=pc; by (17)
= 8, 1(n) i bn=pc; by (18)
= B(n+1)j 1i bn=ic, by (11)
= B,(n); by (7). =
Theorems4 and 5 shav the mannerin which the sequence®y; Qx; Ibk; @k arerelated to
minrank and maxrank sequences.We turn next toward Theorem 6, which establishesthat
two of the sequencesre partial complemets of the other two. A preliminary examplemay

be helpful. We begin by writing the complemen PJ of P, in labeled rows of consecutie
integers:

S [2[3
S: [5]6 |7 |8

S; [10]11 12[13]14 15

Sy [17|18 19 20| 21]22 23 24

Two equally spacednumbers from S, are boxed. These numbers, one can easily ched,
taken together and precededby 1; form the rst partial complemen of P,: By equation(7),
they alsoform the sequenceibz: We generalizethis method in the next proof.



Theorem 2.3 Supmsek , 1. The 1st partial complementof Py is B,; and the 1st partial
complementof Qy is @k:

Proof: The complemen P; of Py consistsof segmets S, of k(n + 1) consecutie
integers,given by

forn, 0: Thus,the initial segmen Sy consistsof the k numbers2;3;:::;k + 1; for which
we have
tP(h)= h+ 1= B(h)forl- h- k:

(Recall that tr denotesthe rst partial complemen of a sequencer; the notation tr (h)
abbreviates(tr)(h):) As the numberk + 2is not in P,’; we have from S; the k + 1 numbers

k+ 3, k+5 ...,3k+1
satisfying

tPy(k+ 1) = k+ 3
tPy(k+ 3) = k+ 5

tPc(Bkj 1) = 3k+ 1= P(2)j 2

In order to extend thesepatterns to represen the appropriate numbersin ead segmeh S;,;
let
Snj = P+ 1+ (i Dn+1); forl- j- kin, O

and arrangethesein segmets of length k + 1:

Table 2. The numbers s,

So1 = 2 So2 = 3 i sox = k+ 1

Sik = 3k+ 1
S11=k+3 S;o=k+5 ;
- i =P 2
S21= Pu(2)+ 1 | s20= Pu(2) + 4 .o | S = Pu(@)+ 3k 2

=P@®i 3

Pc(n)+ (kj I)n+ k+ 1
=P(n+1)inil

Sn1= Pu(n)+ 1| Sp2 = Pe(n) + n+ 2 Snik

The numbersin the following tableau satisfy the chain of equationsde ning rst partial
complemer

tPe(1) = So1 | tP(So1) = So2 | i:: | tPw(Sok; 1) = Sox
th(SO;k) = S11 th(Sl;l) = Sp2 | -- th(Sl;ki 1) = S1k (22)
th(S]_,k) — 52;1 P e P
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In orderto con rm that the sequencdP, hasthe valuesindicated by (22), theseequations
must be proved:

(i) tPk(Snk) = Sn+1:1 forn, O; asin column 1;
(i) tPk(snj) = Snj+ forl- j - ki 1,n, O;asin columns2 to k:

We beginwith (ii)). Within S, lie the consecutie integers

Inductively, the rst of theseis tPy(snj; 1); SO that in P; theseintegers are indexed as
indicated by the top row of the next array:

Snji1|Smjiiat 1l |Snji1t 2] Syt Nt 1= 8y
Sh;j Snj +1 Snj + 2 Dl Syt N+ 1= 854

In other words, becausethe integersin both rows are consecuti, the inductively assumed
relation tPy(Sn;; 1) = Snj IMplies tPy(Snj) = Snj+1:
Now regarding (i), we modify (22) to obtain

Snki1 | ++7 | Snkjat N Sn;kil"'n"']-zsn;k
Shik S Spk TN Sk ¥ N+ 2= Sni11

The point hereis that the integersin row 1 are consecuti, but that thosein row 2, con-
secutive up to the perultimate term, skip over the number s« + N+ 1= Py(n):

As indicated by Table 2, tPy is the sequencdaving initial term 1 and di®erencesequence
consistingof k 1sfollowed by k 2sfollowed by k 3s,and soon. The samecharacterization
holds, by (7), for the sequenceB,: Therefore, B, = tP,.

We turn now to the proposition that the 1st partial complemen of Qy is 8 The
complemen Qy of Qy consistsof segmets T, of (k+ 1)(n+ 1)j 2 consecutie integers,given

by

forn, 0: The method of proof usedabove for Py is B, appliesto thesesegmets, leading
to the conclusion,via (8), that @, = tQy. o

3 Farey trees

In sectionl, it is proved that if pis a positive irrational number, then ttr , = r,;; or equiva-
lently, that the dispersionA,, is transposable In casep2 N; the sequences, and ry-, are
those discussedn section2. Herein section3, we considerr, when p is a rational number
and introduce certain limiting sequencesto be denotedby r, : In section4, we outline a
possibleproof that the only sequences satisfying the equationttr = r are of the formsr,
andr; :
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Supposen , 1. The setF, of Farey fractions of order n consistsof the rational numbers
c=dfor which0- c- d;1- d- n; andc andd are relatively prime. For example,the
Farey fractions of order 5 are

0;

The numbersin F,; taken consecutiely as endpoints, determine a partition of the interval
[0; 1); for example,for n = 5; the subintervals are
1. .11 12 21 13 32 23 .34
[0’5)’[5’4 3'577°5'27°2'577°5°3"°3" 4 4’5)’[5’ ) (23)
The connectionbetween Farey fractions and sequences,, is indicated by the following ex-
ample: for 0- p< 1; the number r (5) hasoneof the ten values

.1.1. . . . .
L7305 e e ) Gie)le gzl

6;,7;8,9,10,12 13 14, 15,16

accordingto which of the intervals in (23) contains
Corresponding to successig setsF,; we shawv six levels of the O-Farey tree, which repre-
serts all the sequences,, for which p2 [0;1) :

1
|
2b
bbb
3 4
ii @ il @

4 5 6 7
=3 | | BN
5 6 7 9 10 11
B8 | 2} 8 | B8

6 7 8 9 10 12 13 14 15 16

Level n consistsof jF,j numbers, ranging from n + 1 to Ibl(n): When progressingfrom
level n to level n+ 1; a branching occursat a number if and only if the correspnding n-level
interval contains a fraction (in reducedform) having denominatorn + 1. For example,if
u2 [1=5; 1=4) thenr(8) = 13 in level 8 of the Fareytree. The fraction 2=9 liesin [1=5; 1=4);
sothat a branching occursat 13:

1

@) - *15 if 2 [1=5:2=9)
WS 16 if p2 [2=9;1=4): -

It is easyto adapt the Farey tree for numbers |°in an interval bh; h + 1); whereh is a
positive integer; viz., equation (14) yields

H

n+ 1“
re(n) =ry(n)+h :

S (24)
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wherep= °; h; sothat the desiredtree, which we call the h-Farey tree, results by adding
n(n + 1)=2 to the n-level nodesof the Farey tree, for all n, 0: It follows from (24) that in
the h-Farey tree at level n the numbersrangefrom P,(n) up to Qn(n):

The setof in nite paths from 1 down through a Farey tree are of three types:

() pathsthat evertually stay left
(i) pathsthat evertually stay right
(i)  all other paths.

The description, \paths that evertually stay left,” appliesto any path sud that, after
somelevel in a Farey tree, every time a branching occurs, the path takesthe left branch,
and likewisefor \paths that ewvertually stay right".

In order to interpret thesepaths asrepresemations of three kinds of sequences; recall
that ead node x of a Farey tree correspndsto an interval bu; w): If X connectsto only one
successory; in the next level, then y correspndsto the sameinterval, bu;w): The only
other possibility is that x is a branching node, meaningthat x hastwo successorsy and z;
in the next level, and that there is a rational number v sud that y 2 bu;v) and z 2 bv; w):

Clearly then, paths of type (i) represen r, whenpis arational number, and the property,
\eventually stay left" correspndsto plying in the interval by, w) for every w:

Next, consideran ewertually-stay-right path. From somenode on, the correspnding
intervals are of the form bv,,; w) where (vy,) is a hondecreasingsequenceof rationals with
rational limit w: The sequencecorrespnding to theseintervals, which we denoteby r; y;
is therefore given by

Fewiy = limory, (25)

m!l

For example,r,; y = Q1 (whereasr, = P,):
Paths of type (iii) represen r, when pis an irrational number, the limit point of a nest
of intervals buy, ; wy,) having rational endpoints.

Theorem 3.1 Supmsep = c=d;where canddin N are relatively prime. Then
M(c=di )(N) = rg=c(n) | bn=cc: (26)
Pro of: Clearly (26) holdsfor n = 0: Supposen, 1; and let
! = minfkd=cj bkd=ac: 1- k- n; c-kg: (27)

Let p;gin N be relatively prime satisfyingd=cj p=qg< 1: (That is, the interval [p=qc=0
is of the form [vy,; w) usedfor (25) to de ne r-q ):) Then

(c=d; )(N) = Tp=g(N)
n+ 1+ bp=q+ b2p=c+ ¢CC+ bnp=cc: (28)

By (27), v |
BKD=CC = bkd=cc if ¢-kd;
P=®=  d=cj 1 if cjkd
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for1 - k - n: As candd are relatively prime, the valuesof k for which ¢ j kd are
Cc;2c;:::;bn=ccc; sothat (28) gives

Mc=d; y(N) = n+ 1+ bd=c+ b2d=a+ ¢¢¢+ bnd=acj bn=cc
ra=c(n) i bn=cc; by (14). [

4 Rank Arrays and the Family F

Throughout section4, the word rank refersto the order relation A exceptwhere otherwise
indicated. (The relation A; dependert on rational , is de ned in section1 on the set of
orderedpairs (i;j); i, 0;j, 0)

Theorem 4.1 Supmsep = c=d;where c and d in N are relatively prime. Then the 1st
partial complementof r, is given by
tr,(n) = my(n) = riy(n) i bn=cc: (29)

Pro of: The sequencdr, is row 0 of Ay; sothat try(n) is the rank of (n;0); for all
n, 0: This meansthat tr (n) is the rank of the rst occurrenceof the number n when
the numbersin S, are ranked under - : In other words, tr ,(n) = my(n); wherem,, is the
minrank sequenceof section2. Thus, (29) follows from (17). o

Corollary 4.1 Supmsep = c=d;where c and d in N are relatively prime. Then the 1st
partial complementof r,, is given by

tru(n) = reyH(n) (30)
forn, O

Pro of: This is an obvious consequencef Theorems5 and 6. o

Lemma 4.1 Supmwser 2 R andn; 2 N: Then there existsng in N suchthat if sin R
satis ess(n) = r(n) for n = 0;1;:::;no; thens’(n) = rn) forn= 1;2;:::;ny:

cupy in increasingorder the positions not occupiedby the latter in the list 1;2;3;:::;r(ng)
of consecuti integers. o

Lemma 4.2 Supwser 2 R and n®2 N: Then there existsng in N suchthat if s in R
satis es s(n) = r(n) for n= 0;1;:::;ng; thents(n) = tr(n) for n= 0;1;:::;n%

14



Proof: Let n, be the number sud that tr(n% = r%n.): The numbers tr (n) for
n = 0;1;:::;n% are among, and are uniquely determined by, the numbers r°(n) for n =
1;2;:::;n: Let ng be asin Lemma 10, sothat the numberstr(n) for n = 0;1;:::;n%are
uniquely determined by the numbersr(n) forn = 0;1:::;ng: o
Corollary 4.2 Supmsep= c=d;where candd in N are relatively prime. Then

tr, = ry (31)

Pro of: Supposen, and n, are positive integers By Corollary 9, there exist c® and d°
relatively prime in N; sudh that d=®< d=cand

trc=a(N) = rge=0(n) forn = 0;1;:::;Nng: (32)
It might be tempting to say that we apply t to (32) to get
ttr c=¢(n) = trgo-o(n) for n = 0;1;:::; N;

but this mistake overlooksthe meaningof the notation tr (n) as(tr)(n); not t(r(n)): Instead,
we can, in accordwith Lemma 11, and do, take nq large enoughthat (32) implies

ttr c=q(n) = trgo=(n) forn = 0;1;:::;Ny: (33)
Let ° and %; relatively prime in N; satisfy °=+> c=dand
re=«(N) = re=q(n) forn=0;1;:::;nq: (34)
By Corollary 9, there exist c®and d® relatively prime in N; sudh that c®2d®< ¢’ and
tr go-o(N) = reoegedn) forn = 0;1;:::; Ny: (35)

As c=d’> c=d:we can and do choosec®and d®sothat c®2d’®> c=dand c®2d’®> °=+ Then
by (33)-(35),

ttr =q(N) = rogdN)
= req(n) forn=0;1;:::;nq:
As n is arbitrary, (31) follows. a

Corollaries9 and 12 extend Corollary 3 from the casethat pis irrational to the casethat
pis any positive real number. In other words, ry, is in the family F of xed points under the
operator tt; or, in yet other words, the 1st partial complemen of the 1st partial complemen
of any r, is ry itself. The next corollary iderti es additional menbersof F; and in section
5, we conjecturethat there are no others.
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Corollary 4.3 Supmseu= c=d;where canddin N are relatively prime. Then
) = Fou): (36)

Pro of: Supposenp ni; and n, are positive integers. Let c®and d® relatively prime in
N; satisfy

Feo=go(N) = rey(n) forn= 0;1;:::;n0 and
ttr co-go(n) = ttr ( y(n) forn = 0;1;:::;Nnq:

By Corollary 12, we can, and do, chooseng and n; large enoughthat
ttr (i y(N) = reeo(n) for n = 0;1;:::; maxf ng; N1; N»0:
As ng; nq; Ny, are arbitrarily large, (36) follows. o

For any array A = fa(i;j)g; let TA denote the transpose,fa(j;i)g; of A: Let A, )
denotethe interspersionwhosecolumn 0 is the sequence (,; y: Membershipin the family F
can now be stated in terms of transposableinterspersions:

Corollary 4.4 Supmsep is a positive real numbker. Then TA ) = A; TTA, = A, and
TTAW) = Aw):

Pro of: If pis a positive integer, the three assertedequationsfollow from Theorem4, as
in this case,r, andr, ) are P, and B,; (and l=y andrg-, ) are Q, and ®,): For irrational,
K we have A, y = Ai-y, andthe proposition follows from Corollary 12 For all other positive
I the assertedequationsfollow immediately from Corollaries9, 12, and 13.

Example 2: The interspersionsAs-, and A=, )

1 2 4 6 9 1 3 7 12 19
3 5 8 11 15 ::: 2 5 10 16 24
7 10 14 18 23 ::: 4 8 14 21 30
12 16 21 26 32 ::: 6 11 18 26 36
19 24 30 36 43 ::: 9 15 23 32 43

Example 3: The interspersionsA,-; and A ;=3 )
1 3 6 11 17 ::: 1 2 4 7 10
2 5 9 15 22 ::: 3 5 8 12 16
4 8 13 20 28 ::: 6 9 13 18 23
7 12 18 26 35 ::: 11 15 20 26 32

10 16 23 32 42 ::: 17 22 28 35 42
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Theorem 4.2 Supmsep is a positive real numter. Neighloring terms in columnj of the
rank array A, satisfy the equation

a(i;j)i a(ii 1;j)=hbuc+j+1 (37)
fori, 1,5, O
Pro of: Supposei, 1. By (13),
a(i;0)i a(ii L,0)=ru(i)i ru@ii 1)= bipc+ 1.
Thus, equation (37) is equivalert to
<(:;D)i <@(;ii )=<@©;i)j <(;ij 1)+ij; (38)

where< (h; k) denotesthe rank of (h; k) under A : Let v = bipc: The v orderedpairs (h; k)
counted by <(0;i) j <(0;ij 1) werepresen as

(0;ii 1) A (hi:ky) A (ha ko) A ¢¢¢A (hy;ky) = (0:i): (39)
Clearly, (39) implies
(Lii DA (hi+ 1 k) A (ha+ Lky) A ¢ecA (hy + 1;ky) = (1;0): (40)
It is easyto ched that there is exactly oneinteger g satisfying
Lii DA+ A (L) (41)
namely 1%

0 if p= 1,
q= 9

bl=pc otherwise.
Thus, by (40) and (41), there arev + 1 orderedpairs (h; k), satisfying
(L;ii DA (h;k) A (1;0): (42)

Now if (h;k) is an ordered pair satisfying (42), then either h = O; sothat k = q; or else
(hij 1;k) is oneof the ordered pairs in (39); thus ewery (h; k) satisfying (40) is one of the
v+ 1; sothat (37) holdsforj = 1

The method usedto get from (39) to (42), namely, adding 1 to all rst coordinatesand
then inserting the sole ordered pair having rst coordinate O, applies inductively, so that
(38) and (37) hold for all j , O: a

Corollary 4.5 Supmsep is a positive real number. Neighloring terms in columnj of the
array A, ) = fi(i; j )g satisfy the equation

bi;j)i b(ii Lj)= di=pe+j; (43)
wheee d e denotesthe ceiling function, fori, 1;j , O:
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Pro of: Supposengy 2 N: Let c®and d° relatively prime in N; satisfy
reo=go(N) = ey y(N)
forn = 0;1;:::;n0: In the rank array Aep = fa¥i;j)g; eah aYi;j) that is - reg(no)
hasthe sameposition (i; j) that the samenumber hasin Ay ); that is, (i; j) = a¥i; j) for
aqi; j) ranging from 1 up to re-g(ng): By (37),
ali;j)=alii Lj)= bic=de+j+ 1;
sothat b(i;j)i bii 1;j)i j = bic®dc+ 1; shawving that
b(;j)i blii Lj)i ]
is invariant of j: Now k(i; 0) = rq=.j bi=cc; by (26), sothat
b(i; 0)i B(ii 1,0) = re=c(i)i re=c(ii 1)i (bi=cci b(ij 1)=cc
= bid=cc+ 1j bi=cc+ b(i j 1)=c:
Consequetly,
b(i;j)i bii 1)) = bd=ccj bi=cc+ b(ij 1)=ac+ ] + 1;
and it is easyto verify that the right-hand side simpli es asin (43). a

Corollary 4.6 Supmsep is a positive real numter. The terms of the dispersion A, satisfy
the equation
a(i;j) = a(i; 0)+ a0;j) +ij i 1
fori, O, O
Pro of: By (37),
ath;j)i a(hj 1j)=bhuc+j+1

forh= 1;2;:::;i: Summingover thosevaluesof h gives
a(i; ) = a(0;j) + buc+ b2uc+ ¢+ bipc+i(j + 1)
=a0;j)) +ru(i)i ii 1+i( + 1); by (13)
=a(i;0)+a;j)+ij i L o

Corollary 4.7 Supmseu= c=d;whee c and c are relatively prime in N. The terms of the
dispersion A, y = fI(i; j )g satisfy the equation
b(i; j) = b(i; 0) + BX(O;j) + ij + bi=cc
fori, O, O
Pro of: By (43),
b(h;j)i b(hi Lj) = dh=pe+j
for h = 1;2;:::;i:  Summing over those valuesof h asin the proof of Corollary 7.2 and

simplfying via the identify 1

X if X is an integer;
dxe = ger.

bxc+ 1 otherwise
yield the assertedequation. a
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5 Convergence

It appearslikely that if r 2 R; then the sequenceof sequences,
r; ttr; te(ttr); :::;

whose generalterm we abbreviate as t©@")r; corverges,and that the limiting sequences
one of the sequences,, or r(, y for somepositive real number p: If so,then the family F of
sequencesatisfyingttr = r clearly cortains no sequencesther than thosealreadyaccouried
for.

Proof that (t@"r) corvergesseemselusive. This sectiono®erdemmaswhich may some-
day be found usefulin a proof but are of independent interest in any case. The items for
which proof is sough are then presented as Conjectures22-26.

Supposethat u and v are sequencesn R and that their initial segmets of somelength
are idertical Then someinitial segmets of the complemetrs, u® and v®; must be identical.
The following lemma provides someinsigtht.

Lemma 5.1 Supmseu and v are segquen@sin R suchthat u(i) = v(i) for i = 0;1;:::;n;
andu(n+ 1), v(n+ 1): Then

u'(j)=ve(j) forj=22::;v(n+1)j nj 2

Proof: Forh=0;1;:::;n;thev(h+ 1) v(h)j 1numbersv(h)+ 1tov(h+ 1); 1,
taken in order, comprisean initial segmen of both v® and u®: The length of this common

segmen is 0
[v(h+ 1)i v(h)i 1]=v(n+1)j nj 2 o (44)

h=0
Lemma 5.2 Supmsec and d in N are relatively prime. Supmser 2 R and that there
existsn | 2 suchthat r(i) = re—q(i) andr(n+ 1), req(n+ 1): Thenr®(j) = rZ_4(j) for
j =1,2:::;3;, whee
J =req(n)+ b(n+ L)c=cj nj L (45)

Proof: In Lemmal9,takeu=r andv = re-q: Thenv(n+ 1) = r4(n + 1) in (44);
and (13) implies (45). o

Lemma 5.3 Supmsec anddin N are relatively prime andc> d. Then

reeg(i) = i+ 1fori=2;2:::;re=q(1) i 2
Me=a(Te=a(M) i M+ J) = re=g(m) + J + 1 (46)
ford =0;1:::;b(m+ 1)c=ccj 1, m=1,2;3;:::: 47
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Pro of: Considerthe sequenceof numbersto which rZ_; is applied: initially ,

1,2;:::;re=¢(1) | 2; followed by

re=g(m) i m+ J; form
re=g(m) i m+ J; form

landJ = 0;1;:::;b2c=ctj 1,
2andJ = 0;1;:::;b3c=ctj 1,

and soon. Thus, the sequencén questionis the sequencef positive integers. Their images
under the function rZ_; are determined by arranging all the numbersrZ_ (i) in increasing
order. This listing is corveniertly broken into segmets, rst from 1to r.-¢(1) i 1; then
from re-q(1) + 1to r-¢(2) i 1, and soon. Thus, courting the rst segmen as segmen 1;
the (m + 1)st segmen, for m , 1; is asgiven by (46) and (47). o

Conjecture 5.1 Supmsec andd in N are relatively prime. Supmsethat r 2 R and that
there existsn , 1 suchthat r(i) = re=(i) fori = 0;1;:::;n; and

r(n+ 1), reg(n+ 1): (48)
Then
tr(i) = tre=q(i) fori=0;1;2:::;b(n+ 1)c=c: (49)
Conjecture 5.2 Continuing, supmse,instead of (48), that
r(n+ 1) re=g(n+ 1) 2 (50)
Then
tr(n+ 1)=treq(n+ 1) L (51)

Conjecture 5.3 Continuing, supmse,instead of (50), that
r(n+ 1)=reqg(n+ 1) L (52)

Then
tr(n+ 1) = tr—q(n+ 1): (53)

Conjecture 5.4 Continuing, supmse
z(i) = tre=q(i) fori = 0;1;:::;b(n + 1)c=ct

and
z(i+1)i z(i), z(@)i z(ii 1) (54)

fori, b(n+ 1l)c=ct: Then
tz(i) = req(i) fori=0;1,2;:::;n+ L (55)

20



Conjecture 5.5 Supmwser 2 R: Then there exists a positive real number p such that
lim teMr is one of the sequen@sry and r, y:
n:

Possible metho d of proof: If r isr, or ry, ) for somethen | then ttr = r by
Corollaries 3, 12, and 13. Supposethen that r is not any sudir, or r¢,; y: Let

Yo

o (1;2) if r(1) = 2;
(*;4) = (r@)i 21) ifr(1), 3.

Thenr(0) = r--4(0) = 1andr (1) = r--4(1); sothat the setof rational numbers® =tsatisfying
r(i) = ro=(i) fori=0;1:::;m; (56)

for somem | 1;is not empty. The set of numbers m for which (56) holds for some® =+
is not unbounded, for if it were, there would be a sequencé€ =%, having limit p sud that
r 2 fry; r; g; acortradiction.  Let n be the greatestm for which (56) holds, and let c=d;
wherec and d are relatively prime, be a rational number suc that

r(i) = re=q(i) for 0;1;2;:::;n:

Asr(n+ 1) 6 r.-¢(n + 1); oneof the inequalities (48), (50), and (52) holds, sothat we have
cases:

Casel: r(n+ 1), re¢(n+ 1): If Conjecture?22is valid, then (49) holds.

Case2: r(n+1)- rg(n+1)j 2 If Conjecture23is valid, then by (51), the sequences
tr.=¢ and tr satisfy the hypothesisof Conjecture 24 (with tr .-q and tr substituted for r.-q
and r; respectively).

Case3: r(n+1)=rg(n+1)j 1. If Conjecture24is valid, then by (53), the sequences
tr.=¢ and tr satisfy the hypothesisof Conjecture 22 (with tr .-y and tr substituted for r.-q
and r; respectively).

Let 8

< tr if (48) holds;
r=  ttir if (50) holds; (57)
tr if (52) holds.

The discussionof the three casesshaws that r° satis es (48), hence(49), if Conjecture 22 is
valid. Letz=r®% It is easyto chek that (54) holds (for z = t¥%;for every %in R). Thus,
if Conjecture 25is valid, then, with referenceto (56), the sequencsdtttr satis es

ttttr (i) = re=q(i) fori=0;1;:::n;n+ 1

(whereasr(n + 1) may not be equalto r.-4(n + 1)), and a proof of Conjecture 26 follows
by repeated applications of Conjectures22-25. It is hoped that someonewill prove those
conjectures!

The interestedreadermay wish to usethe following website:

http://csserv er.evansville.edu/~bro wnie/cgi-bin/transp  ose:
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There, the readercan submit the rst ten to thirt y terms of a sequence. The dispersion

of the complememary sequencewill appear, of which the submitted sequences the rst
column. The reader can then requestiterations and see,in the successig rst columns,
initial terms of the sequencesr;ttr;tttr ; ...
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