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Abstract

SupposeA = f a(i; j )g; for i ¸ 0 and j ¸ 0; is the dispersion of a strictly increasing
sequencer = (r (0); r (1); r (2); : : :) of integers; where r (0) = 1 and in¯nitely many
postive integers are not terms of r: Let R be the set of such sequences,and de¯ne t
on R by tr (n) = a(0; n) for n ¸ 0: Let F be the subset of R consisting of sequences
r satisfying ttr = r: The set F is characterized in terms of ordered arrangements
of numbers i + j µ. For ¯xed i ¸ 0; the sequencea(i; j ); for j ¸ 1; is the (i +
1)st partial complement of r: Central to the characterization of F is the role of the
families of ¯gurate (or polygonal) number sequencesand the centered polygonalnumber
sequences.Finally, it is conjectured that for every r in R; the iterates t (2m) r converge
to a sequencein F .

1 In tro duction

Let N denote the set of positive integers. Supposer = (r (0); r (1); r (2); : : :) is a strictly
increasingsequenceof integerswith r (0) = 1 and in¯nite complement in N: Let r ¤ be the
sequenceobtained by arranging in increasingorder the complement of r . Let

a(0; 0) = 1; a(0; 1) = r ¤(1);

and inductively,
a(0; j ) = r ¤(a(0; j ¡ 1))
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for j ¸ 1: The sequencea(0; j ); for j ¸ 1; is the 1st partial complementof r: For arbitrary
i ¸ 0; supposethat the sequencea(i; j ) for j ¸ 0 is de¯ned, and let a(i + 1; 0) be the least
number in N that is not a(h; j ) for any (h; j ) satisfying 0 · h · i and j ¸ 0: De¯ne

a(i + 1; j ) = r ¤(a(i + 1; j ¡ 1)) (1)

for j ¸ 1: In this inductive manner, an array A = f a(i; j )g; for i ¸ 0; j ¸ 0; is de¯ned.
It is called the dispersion of r ¤: (In [3], where the terms dispersion and interspersion are
introduced, the indexing is by i ¸ 1; j ¸ 1 instead of i ¸ 0; j ¸ 0:) For ¯xed i ¸ 0 and
variable j ¸ 1; the sequencea(i; j ) is the (i + 1)st partial complementof r:

To summarize, the dispersion A of the complement of r; henceforth denoted by A(r );
consistsof ¯rst column r together with the terms of r ¤ dispersedinto partial complements;
row i of A(r ) consistsof ¯rst term r (i ) followed by the (i + 1)st partial complement of r .
It is sometimesdesirable to use a recurrencefor a(i + 1; j ) that refers directly to r: To
develop such a recurrence,for any strictly increasingsequence½in N; let #( ½(n) · m)
denote the number of n ¸ 1 satisfying ½(n) · m: Clearly, ½(h) is the least m satisfying
#( ½(n) · m) = h: Now take ½= r ¤ and h = a(i; j ) to seethat

a(i; j + 1) = least m satisfying (#( r ¤(n) · m) = a(i; j )):

As #( r (n) · m) + #( r ¤(n) · m) = m; we obtain

a(i; j + 1) = least m satisfying (m ¡ #( r (n) · m) = a(i; j ))
= min f m : maxf n : r (n) · mg = a(i; j ) ¡ m + 1g: (2)

This recurrenceis especially useful in coding computer programsthat generatedispersions.
Let R be the set of sequencesr described in the ¯rst sentence. Let tr denote the ¯rst

partial complement of r; and let F be the family of sequencesr for which ttr = t: A main
objective of this paper is to characterizeF in terms of sequencesassociated with multisets
of the form

Sµ = f i + j µ : i ¸ 0; j ¸ 0g; (3)

whereµ is a positive real number. The numbersin Sµ aredistinct if µ is irrational; otherwise,
write µ = c=d;wherec and d are relatively prime positive integers. Then a number i + j µ
occursmore than oncein Sµ if and only if i ¸ c; and in this casethe representations of i + j µ
are these:

i; i ¡ c + dµ; i ¡ 2c + 2dµ; ¢¢¢; i ¡ bi=ccc + bi=ccdµ:

In order to treat theseasdistinct objects, we represent each h + kµ asan orderedpair (h; k);
so that the representations of i + j µ become

(i; 0); (i ¡ c;d); (i ¡ 2c;2d); ¢¢¢; (i ¡ bi=ccc;bi=ccd):

De¯ne an order relation Á on the set f (i; j ) : i ¸ 0; j ¸ 0g by

(i 1; j 1) Á (i 2; j 2) if i 1 + j 1µ < i 2 + j 2µ

(i 1; j 1) Á (i 2; j 2) if i 1 + j 1µ = i 2 + j 2µ and j 1 < j 2:
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We extend this de¯nition to the casethat µ is irrational, noting that the condition i 1 + j 1µ =
i 2 + j 2µ doesnot occur. Now for any real µ > 0; the rank array of µ is de¯ned by

Aµ = f aµ(i; j ) : i ¸ 0; j ¸ 0g;

where
aµ(i; j ) = rank of (j ; i ) under Á :

(De¯ning aµ(i; j ) as the rank of (j ; i ) rather than that of (i; j ) facilitates later developments,
such as equation (13) and connectionswith Farey sequences.For irrational µ; the condition
\rank of (j ; i ) under Á" can be replacedby \rank of j + iµ under [ordinary] < "; in this case,
rµ(n) is simply the rank of nµ amongall the numbersh + kµ:)

As an example,let c = 4 and d = 3: Then

(0; 0) Á (1; 0) Á (0; 1) Á (2; 0) Á (1; 1) Á (0; 2) Á (3; 0) Á (2; 1) Á (1; 2) Á

(4; 0) Á (0; 3) Á (3; 1) Á (2; 2) Á (5; 0) Á (1; 3) Á (4; 1) Á (0; 4) Á (3; 2) Á

(6; 0) Á (2; 3) Á (5; 1) Á (1; 4) Á (4; 2) Á (0; 5) Á (7; 0) Á (3; 3) Á (6; 1) Á

(2; 4) Á (5; 2) Á (1; 5) Á (8; 0) Á (4; 3) Á (0; 6) Á ¢¢¢

Numbering thesefrom 1 to 33 shows that the rank array A4=3 starts like this:

1 2 4 7 10 14 19 25 31
3 5 8 12 16 21 27
6 9 13 18 23 29
11 15 20 26 32
17 22 28
24
33

Theorem 1.1 Supposeµ > 0: Then Aµ is an interspersion.

Pro of: We shall show that each of the propositions(I1)-(I4) that de¯ne an interspersion
in [3] is satis¯ed:

(I1) The rows of Aµ comprisea partition of N; as N is the set of ranks of numbers in
Sµ; and theseranks are partitioned by the rows of Aµ:

(I2) Every row of Aµ is an increasingsequence,as (j ; i ) Á (j + 1; i ) for all i ¸ 0; j ¸ 0:
(I3) Every column of Aµ is an increasingsequence,as (j ; i ) Á (j ; i + 1) for all i ¸ 0;

j ¸ 0:
(I4) If (uj ) and (vj ) are distinct rows of Aµ and if p and q are indices for which up <

vq < up+1 ; then up+1 < vq+1 < up+2 : That is, in the present context, if i 6= i 0 and a(i; p) <
a(i 0; q) < a(i; p + 1); or equivalently,

(p; i ) Á (q; i 0) Á (p + 1; i );

then
(p + 1; i ) Á (q+ 1; i 0) Á (p + 2; i );

or equivalently, a(i; p + 1) < a(i 0; q+ 1) < a(i; p + 2): ¤
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Corollary 1.1 For i ¸ 0; let s be the sequence obtained by deleting the initial term of row
i of Aµ: Then s is the (i + 1)st partial complementof column 0 of Aµ:

Pro of: By Theorem1 of [3], the array Aµ is a dispersion,and as shown in the proof in
[3],

a(i; j + 1) = t(a(i; j )) ;

where (t(k)) denotes the sequenceof numbers, arranged in increasing order, in the set
N nf a(0; j ) : j ¸ 0g; this set being the complement of column 0 of Aµ. ¤

Let rµ denotecolumn 0 of Aµ: By Corollary 1, row 0 of Aµ is the sequencetr µ; a property
to be usedin the next proof.

Corollary 1.2 Supposeµ is a positive irr ational number: Then tr µ = r1=µ and ttr µ = rµ:

Pro of: Referring to the array A1=µ; we have, for m ¸ 0 and n ¸ 0;

a1=µ(m; n) = (rank of m + n=µ in S1=µ)

= (rank of mµ + n in Sµ)

= aµ(n; m):

That is, A1=µ is the transposeof Aµ: Consequently, A1=(1=µ) = Aµ; so that ttr µ = rµ: ¤

A dispersionf a(i; j )g is transposableif its transpose,f a(j ; i )g; is a dispersion. According
to Corollary 3, the dispersionsof Ap

2 and A1=
p

2 are transposable; northwest corners of
thesearrays are shown in Example 1 We shall seein section3 that there are transposable
dispersionsother than thosegiven by the proof of Corollary 3.

Example 1: The arrays Aµ and A1=µ for µ =
p

2
1 2 4 7 10 : : : 1 3 6 11 17 : : :
3 5 8 12 16 : : : 2 5 9 15 22 : : :
6 9 13 18 23 : : : 4 8 13 20 28 : : :
11 15 20 26 32 : : : 7 12 18 26 35 : : :
17 22 28 35 42 : : : 10 16 23 32 42 : : :
...

...
...

...
...

. . .
...

...
...

...
...

. . .

Initial terms of tr can be written out from initial terms of r; for any r in R; by meansof
a handly little algorithm. We usethe sequencer = (1; 2; 4; 7; 10; : : :) of column 0 of Ap

2 to
exemplify:
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Step 1. Write initial terms of the complement, r ¤; with counting numbers
above:

1 2 3 4 5 6 7 8 9 10 11 12 13 14
3 5 6 8 9 11 12 13 15 16 17 18 20 21

Step 2. Determine the chain 1 ! 3 ! 6 ! 11 ! 17 ! ¢¢¢; as indicated by
the paired rectangles. Thesenumbers form the sequencetr ; alias row 0 of Ap

2;
alias (after the initial 1) the 1st partial complement of r: (Note that repeating
the procedurestarting with the pair (2; 5) yields the 2nd partial complement of
r; and so on.)

If µ 2 N; then the sequencesr µ and r1=µ; we shall prove in section2, are closelyrelated
to certain well-known sequences.We continue this introduction with an overview of those
sequences,with referenceto indexing systemsin [5] and [6]. Sequencesof polygonal (or
¯gurate) numbers, typi¯ed by

P1 = (1; 3; 6; 10; 15; : : :) = triangular numbers (A000217in [6], 253 in [5])

P2 = (1; 4; 9; 16; 25; : : :) = squarenumbers (A000290in [6], 338 in [5])

P3 = (1; 5; 12; 22; 35; : : :) = pentagonal numbers (A000326in [6], 339 in [5]),

are given for k ¸ 1 by

Pk(n) = k
µ

n + 1
2

¶
+ n + 1 (4)

for n ¸ 0: Sequencesof central polygonal numbers,

Q1 = (1; 3; 7; 13; 21; : : :) = central polygonal numbers (A002061in [6])

Q2 = (1; 4; 10; 19; 31; : : :) = central triangular numbers (A005448in [6])

Q3 = (1; 5; 13; 25; 41; : : :) = central squarenumbers (A001844in [6]),

are given for k ¸ 1 by

Qk(n) = (k + 1)
µ

n + 1
2

¶
+ 1 (5)

for n ¸ 0; so that
Qk(n) = Pk+1 (n) ¡ n: (6)

The sequencesPk and Qk are easily expressedin terms of P1 and Q1:

Pk(n) = P1(n) + (k ¡ 1)P1(n ¡ 1);

Qk(n) = Q1(n) + (k ¡ 1)P1(n ¡ 1);

for k ¸ 1; n ¸ 1: For a colorful introduction to the geometryassociated with the numbers
Pk and Qk ; see[1, pp. 38-42]. Considernext the sequences

bP1 = (1; 2; 4; 7; 11; : : :) = lazy caterer sequence(A000124in [6], 386 in [5])
bP2 = (1; 2; 3; 5; 7; : : :) = (A001401in [6], 354 in [5])
bP3 = (1; 2; 3; 4; 6; : : :) = (A008748in [6])
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and

bQ1 = (1; 2; 4; 6; 9; : : :) = quarter-squaressequence(A002620in [6], 105 in [5])
bQ2 = (1; 2; 3; 5; 7; : : :) = (A001840in [6], 207 in [5])
bQ3 = (1; 2; 3; 4; 6; : : :) = (A001972in [6], 208on [5]).

Thesetypify families de¯ned for k ¸ 1 by

bPk(n) = bPk(n ¡ 1) +
¹

n + k ¡ 1
k

º
; (7)

bQk(n) = bQk(n ¡ 1) +
¹

n + k + 1
k + 1

º
; (8)

for n ¸ 1; where bPk(0) = bQk(0) = 1: For k = 1; the recurrence(7) gives bP1(n) = bP1(n¡ 1)+ n;
whenceby induction,

bP1(n) = P1(n) ¡ n: (9)

Also, equation (7) implies that bPk is the sequenceobtained by arranging in increasing
order the numbers in the set

f 1g [ f Pk(n) + i (n + 1) + 1 : 0 · i · k ¡ 1; n ¸ 1g: (10)

Likewise,equation (8), or alternatively the identit y

bQk(n) = bPk+1 (n + 1) ¡ 1; (11)

can be usedto prove that the sequencebQk results by ordering the numbers in the set

f 1g [ f Qk(n) + in + i ¡ 1 : 0 · i · k; n ¸ 1g: (12)

The sequencesbQk ; for k ¸ 2; count certain restricted partitions called denumerants in
[2, pp. 108-124]and [5]. Referenceslisted in [6] and [5] lead to extensive literature on the
sequencesPk and Qk : However, observations of relationships(e.g., Theorem4) betweenPk

and bPk (and betweenQk and bQk) to be proved in section2 may be new.
As a ¯nal introductory note, interspersionsare closely related to fractal sequences;see

[7] for a list of references. Thus, results proved below for interspersions(hencedispersions)
could to be stated in terms of fractal sequences.

2 Rank Sequences

In this section, the word rank refersto the ordinary less-than-or-equalrelation, · (not the
µ-dependent relation Á de¯ned in section1, which will be consideredfurther in section4.)
Recall from section1 that for rational µ; the multiset Sµ in (3) contains repeatedelements,
so that an element may have more than onerank.
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Supposeµ > 0 and n ¸ 0. The minrank sequence of µ; denotedby mµ; is de¯ned by

mµ(n) = least h such that n has rank h in Sµ;

and the maxrank sequence of µ; denotedby M µ; is de¯ned by

M µ(n) = greatesth such that n has rank h in Sµ:

If µ is a positive integer, then the lower self-rank sequence of µ is de¯ned by

`µ(n) = mµ(µn);

and the upper self-rank sequence of µ, by

L µ(n) = M µ(µn):

As L µ is clearly the sequencer µ of section1, we shall henceforthwrite it as r µ: Of course,
mµ = M µ (and `µ = rµ) if and only if µ is irrational.

For any real µ > 0;
rµ(n) = # f (i; j ) : i + j µ · nµg:

Consider the set of (i; j ) satisfying (n ¡ 1)µ < i + j µ · nµ; or equivalently, (n ¡ j ¡ 1)µ <
i · (n ¡ j )µ: There is onesuch i for j = n; and for j = 0; 1; : : : ; n ¡ 1; the number of such
i is b(n ¡ j )µc ¡ b(n ¡ j ¡ 1)µc: Summinggivesa simple recurrence

rµ(n) = rµ(n ¡ 1) + bnµc + 1 (13)

for n ¸ 1; from which follows

rµ(n) = n + 1 +
nX

i =1

biµc: (14)

Alternativ ely, we may write

rµ(n) = # f (i; j ) : i + j µ · nµg

= # f (i; j ) : j · n ¡ i=µg;

so that the numbers j to be counted are 0; 1; 2; : : : ; bn ¡ i=µc; for i = 0; 1; : : : ; bnµc; and

rµ(n) =
bnµcX

i =0

(1 + bn ¡ i=µc)

= bnµc + 1 +
bnµcX

i =0

bn ¡ i=µc: (15)

(Equations much like (14) and (15) appear in [4]; the sequencer 3=2 is A077043in [6].)
Clearly,

M µ(n) = M 1=µ(n=µ) = r 1=µ(n): (16)
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If µ is rational, write µ = c=d;wherec and d are relatively prime numbers in N: Then there
area total of bn=cc+ 1 pairs (i; j ) satisfying i + j µ = n; sothat there areM µ(n) ¡ (bn=cc+ 1)
pairs (i; j ) satisfying i + j µ < n: Consequently,

mc=d(n) = M c=d(n) ¡ bn=cc = r d=c(n) ¡ bn=cc: (17)

Table 1. Sequences associated with µ = 2
n 0 1 2 3 4 5 6 7 8 9 10 11
Sµ(n) 0 1 2 2 3 3 4 4 4 5 5 5
mµ(n) 1 2 3 5 7 10 13 17 21 26 31 37
M µ(n) 1 2 4 6 9 12 16 20 25 30 36 42
`µ(n) 1 3 7 13 21 31 43 57 73 91 111 133
rµ(n) 1 4 9 16 25 36 49 64 81 100 121 144

As suggestedby Table 1, the self-rank sequencesof a positive integer, k; are, loosely
speaking,the sequencesPk and Qk in section1. A moreprecisestatement of this connection
takesthe form of Theorem2.

Theorem 2.1 Supposeµ 2 N . The upper self-rank sequence of µ is given by

rµ(n) = Pµ(n); n ¸ 0:

The lower self-rank sequence of µ is given by

`µ(n) = Qµ¡ 1(n); n ¸ 0; if µ ¸ 2;

`1(n) = bP1(n); n ¸ 0:

Pro of: Supposen ¸ 0: Putting biµc = iµ in (14) gives

rµ(n) = n + 1 + µ
nX

i =0

i:

= Pµ(n); by (4).

As the rank of the ¯rst occurrenceof µn in Sµ; the number `µ(n) is easilyobtained from
rµ(n); the total number of occurrencesof µn being n + 1; thus

`µ(n) = rµ(n) ¡ n = Pµ(n) ¡ n:

In caseµ ¸ 2; we thereforehave `µ(n) = Qµ¡ 1(n); by (6), and if µ = 1; then `µ(n) = bP1(n);
by (9). ¤
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Theorem 2.2 Supposeµ is an integer ¸ 2: If n ¸ 0; then

M µ(n) = r1=µ(n) = bQµ¡ 1(n); (18)

m1=µ(n) = Qµ¡ 1(n); (19)

M 1=µ(n) = Pµ(n); (20)

mµ(n) = bPµ(n): (21)

Pro of: That M µ(n) = r1=µ(n) has already beenestablished. Equations (14) and (8)
give

r1=µ(n) = r1=µ(n ¡ 1) +
¹

n
µ

º
+ 1 and bQµ¡ 1(n) = bQµ¡ 1(n ¡ 1) +

¹
n
µ

º
+ 1;

showing that the sequencesr 1=µ and bQµ+1 have a commonrecurrencerelation. As they also
have identical initial terms, (18) follows.

Next,

m1=µ(n) = rµ(n) ¡ n; by (17)

= Pµ(n) ¡ n; by Theorem2

= Qµ¡ 1(n) by (6), and (18) is proved.

Further,

M 1=µ(n) = rµ(n); by (12)

= Pµ(n); by Theorem2, so that (19) holds,

and

mµ(n) = r1=µ(n) ¡ bn=µc; by (17)

= bQµ¡ 1(n) ¡ bn=µc; by (18)

= bPµ(n + 1) ¡ 1 ¡ bn=µc, by (11)

= bPµ(n); by (7). ¤

Theorems4 and 5 show the manner in which the sequencesPk ; Qk ; bPk ; bQk are related to
minrank and maxrank sequences.We turn next toward Theorem6, which establishesthat
two of the sequencesare partial complements of the other two. A preliminary examplemay
be helpful. We begin by writing the complement P ¤

2 of P2 in labeled rows of consecutive
integers:

S0: 2 3
S1: 5 6 7 8
S2: 10 11 12 13 14 15
S3: 17 18 19 20 21 22 23 24
...

Two equally spacednumbers from Sn are boxed. These numbers, one can easily check,
taken together and precededby 1; form the ¯rst partial complement of P2: By equation(7),
they also form the sequencebP2: We generalizethis method in the next proof.
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Theorem 2.3 Supposek ¸ 1: The 1st partial complementof Pk is bPk ; and the 1st partial
complementof Qk is bQk :

Pro of: The complement P¤
k of Pk consistsof segments Sn of k(n + 1) consecutive

integers,given by
Sn = f Pk(n) + 1; Pk(n) + 2; : : : ; Pk(n + 1) ¡ 1g

for n ¸ 0: Thus, the initial segment S0 consistsof the k numbers 2; 3; : : : ; k + 1; for which
we have

tPk(h) = h + 1 = bPk(h) for 1 · h · k:

(Recall that tr denotesthe ¯rst partial complement of a sequencer ; the notation tr (h)
abbreviates(tr )(h):) As the number k + 2 is not in P ¤

k ; we have from S1 the k + 1 numbers

k + 3; k + 5; . . . , 3k + 1

satisfying

tPk(k + 1) = k + 3;

tPk(k + 3) = k + 5;
...

tPk(3k ¡ 1) = 3k + 1 = Pk(2) ¡ 2:

In order to extend thesepatterns to represent the appropriate numbers in each segment Sn ;
let

sn;j = Pk(n) + 1 + (j ¡ 1)(n + 1); for 1 · j · k; n ¸ 0;

and arrangethesein segments of length k + 1 :

Table 2. The num bers sn;j

s0;1 = 2 s0;2 = 3 : : : s0;k = k + 1

s1;1 = k + 3 s1;2 = k + 5 : : :
s1;k = 3k + 1

= Pk(2) ¡ 2

s2;1 = Pk(2) + 1 s2;2 = Pk(2) + 4 : : :
s2;k = Pk(2) + 3k ¡ 2

= Pk(3) ¡ 3
...

...
...

...

sn;1 = Pk(n) + 1 sn;2 = Pk(n) + n + 2 : : :
sn;k = Pk(n) + (k ¡ 1)n + k + 1

= Pk(n + 1) ¡ n ¡ 1
...

...
...

...

The numbers in the following tableau satisfy the chain of equationsde¯ning ¯rst partial
complement:

tPk(1) = s0;1 tPk(s0;1) = s0;2 : : : tPk(s0;k¡ 1) = s0;k

tPk(s0;k ) = s1;1 tPk(s1;1) = s1;2 : : : tPk(s1;k¡ 1) = s1;k

tPk(s1;k ) = s2;1 : : : : : : : : :
(22)
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In order to con¯rm that the sequencetPk has the valuesindicated by (22), theseequations
must be proved:

(i) tPk(sn;k ) = sn+1 ;1 for n ¸ 0; as in column 1;
(ii) tPk(sn;j ) = sn;j +1 for 1 · j · k ¡ 1; n ¸ 0; as in columns2 to k:

We begin with (ii). Within Sn lie the consecutive integers

sn;j ; sn;j + 1; : : : ; sn;j +1 :

Inductively, the ¯rst of these is tPk(sn;j ¡ 1); so that in P¤
k ; these integers are indexed as

indicated by the top row of the next array:

sn;j ¡ 1 sn;j ¡ 1 + 1 sn;j ¡ 1 + 2 : : : sn;j ¡ 1 + n + 1 = sn;j

sn;j sn;j + 1 sn;j + 2 : : : sn;j + n + 1 = sn;j +1

In other words, becausethe integersin both rows are consecutive, the inductively assumed
relation tPk(sn;j ¡ 1) = sn;j implies tPk(sn;j ) = sn;j +1 :

Now regarding(i), we modify (22) to obtain

sn;k ¡ 1 : : : sn;k ¡ 1 + n sn;k ¡ 1 + n + 1 = sn;k

sn;k : : : sn;k + n sn;k + n + 2 = sn+1 ;1

The point here is that the integersin row 1 are consecutive, but that those in row 2, con-
secutive up to the penultimate term, skip over the number sn;k + n + 1 = Pk(n):

As indicated by Table2, tPk is the sequencehaving initial term 1 and di®erencesequence
consistingof k 1s followed by k 2s followed by k 3s, and so on. The samecharacterization
holds, by (7), for the sequencebPk : Therefore, bPk = tPk .

We turn now to the proposition that the 1st partial complement of Qk is bQk : The
complement Q¤

k of Qk consistsof segments Tn of (k + 1)(n + 1)¡ 2 consecutive integers,given
by

Tn = f Qk(n) + 1; Qk(n) + 2; : : : ; Qk(n + 1) ¡ 1g

for n ¸ 0: The method of proof usedabove for Pk is bPk applies to thesesegments, leading
to the conclusion,via (8), that bQk = tQk . ¤

3 Farey trees

In section1, it is proved that if µ is a positive irrational number, then ttr µ = rµ; or equiva-
lently, that the dispersionAµ is transposable: In caseµ 2 N; the sequencesr µ and r1=µ are
thosediscussedin section2. Here in section3, we considerr µ when µ is a rational number
and introduce certain limiting sequences,to be denotedby r µ¡ : In section4, we outline a
possibleproof that the only sequencesr satisfying the equation ttr = r are of the forms r µ

and rµ¡ :
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Supposen ¸ 1: The set F n of Farey fractions of order n consistsof the rational numbers
c=d for which 0 · c · d; 1 · d · n; and c and d are relatively prime. For example, the
Farey fractions of order 5 are

0;
1
5

;
1
4

;
1
3

;
2
5

;
1
2

;
3
5

;
2
3

;
3
4

;
4
5

; 1:

The numbers in F n ; taken consecutively as endpoints, determinea partition of the interval
[0; 1); for example,for n = 5; the subintervals are

[0;
1
5

); [
1
5

;
1
4

); [
1
4

;
1
3

); [
1
3

;
2
5

); [
2
5

;
1
2

); [
1
2

;
3
5

); [
3
5

;
2
3

); [
2
3

;
3
4

),[
3
4

;
4
5

); [
4
5

; 1): (23)

The connectionbetweenFarey fractions and sequencesr µ is indicated by the following ex-
ample: for 0 · µ < 1; the number r µ(5) hasoneof the ten values

6; 7; 8; 9; 10; 12; 13; 14; 15; 16

accordingto which of the intervals in (23) contains µ:
Corresponding to successive setsF n ; we show six levelsof the 0-Farey tree, which repre-

sents all the sequencesr µ for which µ 2 [0; 1) :

1

2

3 4

4 5 6 7

5 6 7 9 10 11

6 7 8 9 10 12 13 14 15 16

"
"

""

b
b

bb

¡¡ @@ ¡¡ @@

­­ JJ ­­ JJ

££BB ££BB ££BB ££BB

Level n consistsof jF n j numbers, ranging from n + 1 to bP1(n): When progressingfrom
level n to level n + 1; a branching occursat a number if and only if the corresponding n-level
interval contains a fraction (in reducedform) having denominator n + 1: For example, if
µ 2 [1=5; 1=4) then r µ(8) = 13; in level 8 of the Farey tree. The fraction 2=9 lies in [1=5; 1=4);
so that a branching occursat 13:

rµ(9) =
½

15 if µ 2 [1=5; 2=9)
16 if µ 2 [2=9; 1=4):

:

It is easyto adapt the Farey tree for numbers µ0 in an interval bh; h + 1); where h is a
positive integer; viz., equation (14) yields

rµ0(n) = rµ(n) + h
µ

n + 1
2

¶
; (24)
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whereµ = µ0¡ h; so that the desiredtree, which we call the h-Farey tree, results by adding
n(n + 1)=2 to the n-level nodesof the Farey tree, for all n ¸ 0: It follows from (24) that in
the h-Farey tree at level n the numbers rangefrom Ph(n) up to Qh(n):

The set of in¯nite paths from 1 down through a Farey tree are of three types:

(i) paths that eventually stay left
(ii) paths that eventually stay right
(iii) all other paths.

The description, \paths that eventually stay left," applies to any path such that, after
some level in a Farey tree, every time a branching occurs, the path takes the left branch,
and likewisefor \paths that eventually stay right".

In order to interpret thesepaths as representations of three kinds of sequencesr µ; recall
that each node x of a Farey tree correspondsto an interval bu; w): If x connectsto only one
successor,y; in the next level, then y corresponds to the sameinterval, bu; w): The only
other possibility is that x is a branching node, meaningthat x has two successors; y and z;
in the next level, and that there is a rational number v such that y 2 bu; v) and z 2 bv; w):

Clearly then, paths of type (i) represent r µ whenµ is a rational number, and the property,
\eventually stay left" corresponds to µ lying in the interval bµ; w) for every w:

Next, consider an eventually-stay-right path. From somenode on, the corresponding
intervals are of the form bvm ; w) where (vm ) is a nondecreasingsequenceof rationals with
rational limit w: The sequencecorresponding to theseintervals, which we denoteby r (w¡ ) ;
is thereforegiven by

r (w¡ ) = lim
m!1

r vm : (25)

For example,r (2¡ ) = Q1 (whereasr 2 = P2):
Paths of type (iii) represent r µ when µ is an irrational number, the limit point of a nest

of intervals bum ; wm ) having rational endpoints.

Theorem 3.1 Supposeµ = c=d;where c and d in N are relatively prime. Then

r (c=d¡ )(n) = rd=c(n) ¡ bn=cc: (26)

Pro of: Clearly (26) holds for n = 0: Supposen ¸ 1; and let

¹ = minf kd=c¡ bkd=cc : 1 · k · n; c - kg: (27)

Let p;q in N be relatively prime satisfying d=c¡ p=q< ¹ : (That is, the interval [p=q; c=d)
is of the form [vm ; w) usedfor (25) to de¯ne r (c=d¡ ) :) Then

r (c=d¡ )(n) = rp=q(n)

= n + 1 + bp=qc + b2p=qc + ¢¢¢+ bnp=qc: (28)

By (27),

bkp=qc =
½

bkd=cc if c - kd;
bkd=cc ¡ 1 if c j kd

13



for 1 · k · n: As c and d are relatively prime, the values of k for which c j kd are
c;2c;: : : ; bn=ccc; so that (28) gives

r (c=d¡ )(n) = n + 1 + bd=cc + b2d=cc + ¢¢¢+ bnd=cc ¡ bn=cc

= rd=c(n) ¡ bn=cc; by (14). ¤

4 Rank Arra ys and the Family F

Throughout section4, the word rank refersto the order relation Á except whereotherwise
indicated. (The relation Á; dependent on rational µ, is de¯ned in section 1 on the set of
orderedpairs (i; j ); i ¸ 0; j ¸ 0:)

Theorem 4.1 Suppose µ = c=d; where c and d in N are relatively prime. Then the 1st
partial complementof r µ is given by

tr µ(n) = mµ(n) = r1=µ(n) ¡ bn=cc: (29)

Pro of: The sequencetr µ is row 0 of Aµ; so that tr µ(n) is the rank of (n; 0); for all
n ¸ 0: This meansthat tr µ(n) is the rank of the ¯rst occurrenceof the number n when
the numbers in Sµ are ranked under · : In other words, tr µ(n) = mµ(n); where mµ is the
minrank sequenceof section2. Thus, (29) follows from (17). ¤

Corollary 4.1 Suppose µ = c=d; where c and d in N are relatively prime. Then the 1st
partial complementof r µ is given by

tr µ(n) = r (µ¡ )(n) (30)

for n ¸ 0:

Pro of: This is an obvious consequenceof Theorems5 and 6. ¤

Lemma 4.1 Suppose r 2 R and n1 2 N: Then there exists n0 in N such that if s in R
satis¯es s(n) = r (n) for n = 0; 1; : : : ; n0; then s¤(n) = r ¤(n) for n = 1; 2; : : : ; n1:

Pro of: Let n0 bethe leastn for which r (n) > r ¤(n1): The numbersr ¤(1); r ¤(2); : : : ; r ¤(n1)
are then uniquely determinedby the numbersr (0); r (1); : : : ; r (n0); as the former simply oc-
cupy in increasingorder the positions not occupiedby the latter in the list 1; 2; 3; : : : ; r (n0)
of consecutive integers. ¤

Lemma 4.2 Suppose r 2 R and n0 2 N: Then there exists n0 in N such that if s in R
satis¯es s(n) = r (n) for n = 0; 1; : : : ; n0; then ts(n) = tr (n) for n = 0; 1; : : : ; n0:

14



Pro of: Let n1 be the number such that tr (n0) = r ¤(n1): The numbers tr (n) for
n = 0; 1; : : : ; n0 are among, and are uniquely determined by, the numbers r ¤(n) for n =
1; 2; : : : ; n1: Let n0 be as in Lemma 10, so that the numbers tr (n) for n = 0; 1; : : : ; n0 are
uniquely determinedby the numbers r (n) for n = 0; 1: : : ; n0: ¤

Corollary 4.2 Supposeµ = c=d;where c and d in N are relatively prime. Then

ttr µ = rµ: (31)

Pro of: Supposen0 and n1 are positive integers: By Corollary 9, there exist c0 and d0;
relatively prime in N; such that d0=c0 < d=cand

tr c=d(n) = rd0=c0(n) for n = 0; 1; : : : ; n0: (32)

It might be tempting to say that we apply t to (32) to get

ttr c=d(n) = tr d0=c0(n) for n = 0; 1; : : : ; n0;

but this mistake overlooksthe meaningof the notation tr (n) as(tr )(n); not t(r (n)): Instead,
we can, in accordwith Lemma 11, and do, take n0 large enoughthat (32) implies

ttr c=d(n) = tr d0=c0(n) for n = 0; 1; : : : ; n1: (33)

Let ° and ±; relatively prime in N; satisfy ° =±> c=dand

r ° =±(n) = r c=d(n) for n = 0; 1; : : : ; n1: (34)

By Corollary 9, there exist c00and d00; relatively prime in N; such that c00=d00< c0=d0 and

tr d0=c0(n) = r c00=d00(n) for n = 0; 1; : : : ; n1: (35)

As c0=d0 > c=d;we can and do choosec00and d00so that c00=d00> c=dand c00=d00> ° =±: Then
by (33)-(35),

ttr c=d(n) = r c00=d00(n)

= r c=d(n) for n = 0; 1; : : : ; n1:

As n1 is arbitrary, (31) follows. ¤

Corollaries9 and 12 extend Corollary 3 from the casethat µ is irrational to the casethat
µ is any positive real number. In other words, r µ is in the family F of ¯xed points under the
operator tt; or, in yet other words, the 1st partial complement of the 1st partial complement
of any rµ is rµ itself. The next corollary identi¯es additional members of F; and in section
5, we conjecturethat there are no others.

15



Corollary 4.3 Supposeµ = c=d;where c and d in N are relatively prime. Then

ttr (µ¡ ) = r (µ¡ ) : (36)

Pro of: Supposen0, n1; and n2 are positive integers. Let c0 and d0; relatively prime in
N; satisfy

r c0=d0(n) = r (µ¡ )(n) for n = 0; 1; : : : ; n0 and

ttr c0=d0(n) = ttr (µ¡ )(n) for n = 0; 1; : : : ; n1:

By Corollary 12, we can, and do, choosen0 and n1 large enoughthat

ttr (µ¡ )(n) = r c0=d0(n) for n = 0; 1; : : : ; maxf n0; n1; n2g:

As n0; n1; n2 are arbitrarily large, (36) follows. ¤

For any array A = f a(i; j )g; let TA denote the transpose, f a(j ; i )g; of A: Let A (µ¡ )

denotethe interspersionwhosecolumn 0 is the sequencer (µ¡ ) : Membership in the family F
can now be stated in terms of transposableinterspersions:

Corollary 4.4 Supposeµ is a positive real number. Then TA (µ¡ ) = A; TTAµ = Aµ; and
TTA (µ¡ ) = A (µ¡ ) :

Pro of: If µ is a positive integer, the three assertedequationsfollow from Theorem4, as
in this case,r µ and r (µ¡ ) are Pµ and bPµ; (and r1=µ and r (1=µ¡ ) are Qµ and bQµ): For irrational,
µ; wehaveA (µ¡ ) = A1=µ, and the proposition follows from Corollary 12: For all other positive
µ; the assertedequationsfollow immediately from Corollaries9, 12, and 13.

Example 2: The interspersionsA3=2 and A (3=2¡ )

1 2 4 6 9 : : : 1 3 7 12 19 : : :
3 5 8 11 15 : : : 2 5 10 16 24 : : :
7 10 14 18 23 : : : 4 8 14 21 30 : : :
12 16 21 26 32 : : : 6 11 18 26 36 : : :
19 24 30 36 43 : : : 9 15 23 32 43 : : :
...

...
...

...
...

. . .
...

...
...

...
...

. . .

Example 3: The interspersionsA2=3 and A (2=3¡ )

1 3 6 11 17 : : : 1 2 4 7 10 : : :
2 5 9 15 22 : : : 3 5 8 12 16 : : :
4 8 13 20 28 : : : 6 9 13 18 23 : : :
7 12 18 26 35 : : : 11 15 20 26 32 : : :
10 16 23 32 42 : : : 17 22 28 35 42 : : :
...

...
...

...
...

. . .
...

...
...

...
...

. . .
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Theorem 4.2 Supposeµ is a positive real number. Neighboring terms in column j of the
rank array Aµ satisfy the equation

a(i; j ) ¡ a(i ¡ 1; j ) = biµc + j + 1 (37)

for i ¸ 1; j ¸ 0:

Pro of: Supposei ¸ 1: By (13),

a(i; 0) ¡ a(i ¡ 1; 0) = r µ(i ) ¡ rµ(i ¡ 1) = biµc + 1:

Thus, equation (37) is equivalent to

< (j ; i ) ¡ < (j ; i ¡ 1) = < (0; i ) ¡ < (0; i ¡ 1) + j ; (38)

where< (h; k) denotesthe rank of (h; k) under Á : Let v = biµc: The v orderedpairs (h; k)
counted by < (0; i ) ¡ < (0; i ¡ 1) we represent as

(0; i ¡ 1) Á (h1; k1) Á (h2; k2) Á ¢¢¢Á (hv; kv) = (0; i ): (39)

Clearly, (39) implies

(1; i ¡ 1) Á (h1 + 1; k1) Á (h2 + 1; k2) Á ¢¢¢Á (hv + 1; kv) = (1; i ): (40)

It is easyto check that there is exactly one integer q satisfying

(1; i ¡ 1) Á (0; i + q) Á (1; i ); (41)

namely

q =
½

0 if µ = 1;
b1=µc otherwise.

Thus, by (40) and (41), there are v + 1 orderedpairs (h; k), satisfying

(1; i ¡ 1) Á (h; k) Á (1; i ): (42)

Now if (h; k) is an ordered pair satisfying (42), then either h = 0; so that k = q; or else
(h ¡ 1; k) is one of the orderedpairs in (39); thus every (h; k) satisfying (40) is one of the
v + 1; so that (37) holds for j = 1:

The method usedto get from (39) to (42), namely, adding 1 to all ¯rst coordinates and
then inserting the sole ordered pair having ¯rst coordinate 0, applies inductively, so that
(38) and (37) hold for all j ¸ 0: ¤

Corollary 4.5 Supposeµ is a positive real number. Neighboring terms in column j of the
array A (µ¡ ) = f b(i; j )g satisfy the equation

b(i; j ) ¡ b(i ¡ 1; j ) = di=µe+ j ; (43)

where d e denotesthe ceiling function, for i ¸ 1; j ¸ 0:
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Pro of: Supposen0 2 N: Let c0 and d0, relatively prime in N; satisfy

r c0=d0(n) = r (µ¡ )(n)

for n = 0; 1; : : : ; n0: In the rank array Ac0=d0 = f a0(i; j )g; each a0(i; j ) that is · r c0=d0(n0)
has the sameposition (i; j ) that the samenumber has in A (µ¡ ) ; that is, b(i; j ) = a0(i; j ) for
a0(i; j ) ranging from 1 up to r c0=d0(n0): By (37),

a0(i; j ) = a0(i ¡ 1; j ) = bic0=d0c + j + 1;

so that b(i; j ) ¡ b(i ¡ 1; j ) ¡ j = bic0=d0c + 1; showing that

b(i; j ) ¡ b(i ¡ 1; j ) ¡ j

is invariant of j : Now b(i; 0) = r d=c ¡ bi=cc; by (26), so that

b(i; 0) ¡ b(i ¡ 1; 0) = r d=c(i ) ¡ rd=c(i ¡ 1) ¡ (bi=cc ¡ b(i ¡ 1)=cc

= bid=cc + 1 ¡ bi=cc + b(i ¡ 1)=cc:

Consequently,

b(i; j ) ¡ b(i ¡ 1; j ) = bid=cc ¡ bi=cc + b(i ¡ 1)=cc + j + 1;

and it is easyto verify that the right-hand sidesimpli¯es as in (43). ¤

Corollary 4.6 Supposeµ is a positive real number. The terms of the dispersion Aµ satisfy
the equation

a(i; j ) = a(i; 0) + a(0; j ) + ij ¡ 1

for i ¸ 0; j ¸ 0:

Pro of: By (37),
a(h; j ) ¡ a(h ¡ 1; j ) = bhµc + j + 1

for h = 1; 2; : : : ; i: Summingover thosevaluesof h gives

a(i; j ) = a(0; j ) + bµc + b2µc + ¢¢¢+ biµc + i (j + 1)

= a(0; j ) + r µ(i ) ¡ i ¡ 1 + i (j + 1); by (13)

= a(i; 0) + a(0; j ) + ij ¡ 1: ¤

Corollary 4.7 Supposeµ = c=d;where c and c are relatively prime in N . The terms of the
dispersion A (µ¡ ) = f b(i; j )g satisfy the equation

b(i; j ) = b(i; 0) + b(0; j ) + ij + bi=cc

for i ¸ 0; j ¸ 0:

Pro of: By (43),
b(h; j ) ¡ b(h ¡ 1; j ) = dh=µe+ j

for h = 1; 2; : : : ; i: Summing over those values of h as in the proof of Corollary 7.2 and
simplfying via the identify

dxe =
½

x if x is an integer;
bxc + 1 otherwise

yield the assertedequation. ¤

18



5 Convergence

It appearslikely that if r 2 R; then the sequenceof sequences,

r; ttr ; tt (ttr ); : : : ;

whosegeneral term we abbreviate as t (2n)r; converges,and that the limiting sequenceis
oneof the sequencesr µ or r (µ¡ ) for somepositive real number µ: If so, then the family F of
sequencessatisfyingttr = r clearly contains no sequencesother than thosealreadyaccounted
for.

Proof that (t (2n)r ) convergesseemselusive. This sectiono®erslemmaswhich may some-
day be found useful in a proof but are of independent interest in any case. The items for
which proof is sought are then presented as Conjectures22-26.

Supposethat u and v are sequencesin R and that their initial segments of somelength
are identical Then someinitial segments of the complements, u¤ and v¤; must be identical.
The following lemma provides someinsight.

Lemma 5.1 Supposeu and v are sequences in R such that u(i ) = v(i ) for i = 0; 1; : : : ; n;
and u(n + 1) ¸ v(n + 1): Then

u¤(j ) = v¤(j ) for j = 1; 2; : : : ; v(n + 1) ¡ n ¡ 2:

Pro of: For h = 0; 1; : : : ; n; the v(h + 1) ¡ v(h) ¡ 1 numbers v(h) + 1 to v(h + 1) ¡ 1,
taken in order, comprisean initial segment of both v¤ and u¤: The length of this common
segment is

nX

h=0

[v(h + 1) ¡ v(h) ¡ 1] = v(n + 1) ¡ n ¡ 2: ¤ (44)

Lemma 5.2 Suppose c and d in N are relatively prime. Suppose r 2 R and that there
exists n ¸ 2 such that r (i ) = r c=d(i ) and r (n + 1) ¸ r c=d(n + 1): Then r ¤(j ) = r ¤

c=d(j ) for
j = 1; 2; : : : ; J; where

J = r c=d(n) + b(n + 1)c=dc ¡ n ¡ 1: (45)

Pro of: In Lemma 19, take u = r and v = r c=d: Then v(n + 1) = r c=d(n + 1) in (44);
and (13) implies (45). ¤

Lemma 5.3 Supposec and d in N are relatively prime and c > d. Then

r ¤
c=d(i ) = i + 1 for i = 1; 2; : : : ; r c=d(1) ¡ 2;

r ¤
c=d(r c=d(m) ¡ m + J ) = r c=d(m) + J + 1 (46)

for J = 0; 1; : : : ; b(m + 1)c=dc ¡ 1; m = 1; 2; 3; : : : : (47)
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Pro of: Considerthe sequenceof numbers to which r ¤
c=d is applied: initially ,

1; 2; : : : ; r c=d(1) ¡ 2; followed by

r c=d(m) ¡ m + J; for m = 1 and J = 0; 1; : : : ; b2c=dc ¡ 1;

r c=d(m) ¡ m + J; for m = 2 and J = 0; 1; : : : ; b3c=dc ¡ 1;

and soon. Thus, the sequencein questionis the sequenceof positive integers. Their images
under the function r ¤

c=d are determined by arranging all the numbers r ¤
c=d(i ) in increasing

order: This listing is conveniently broken into segments, ¯rst from 1 to r c=d(1) ¡ 1; then
from r c=d(1) + 1 to r c=d(2) ¡ 1; and so on. Thus, counting the ¯rst segment as segment 1;
the (m + 1)st segment, for m ¸ 1; is as given by (46) and (47). ¤

Conjecture 5.1 Supposec and d in N are relatively prime. Supposethat r 2 R and that
there existsn ¸ 1 suchthat r (i ) = r c=d(i ) for i = 0; 1; : : : ; n; and

r (n + 1) ¸ r c=d(n + 1): (48)

Then
tr (i ) = tr c=d(i ) for i = 0; 1; 2; : : : ; b(n + 1)c=dc: (49)

Conjecture 5.2 Continuing, suppose, instead of (48), that

r (n + 1) · r c=d(n + 1) ¡ 2: (50)

Then
tr (n + 1) = tr c=d(n + 1) ¡ 1: (51)

Conjecture 5.3 Continuing, suppose, instead of (50), that

r (n + 1) = r c=d(n + 1) ¡ 1: (52)

Then
tr (n + 1) = tr c=d(n + 1): (53)

Conjecture 5.4 Continuing, suppose

z(i ) = tr c=d(i ) for i = 0; 1; : : : ; b(n + 1)c=dc

and
z(i + 1) ¡ z(i ) ¸ z(i ) ¡ z(i ¡ 1) (54)

for i ¸ b(n + 1)c=dc: Then

tz(i ) = r c=d(i ) for i = 0; 1; 2; : : : ; n + 1: (55)
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Conjecture 5.5 Suppose r 2 R: Then there exists a positive real number µ such that
lim

n!1
t (2n)r is one of the sequences r µ and r (µ¡ ) :

Possible metho d of pro of: If r is r µ or r (µ¡ ) for some then µ; then ttr = r by
Corollaries3, 12, and 13. Supposethen that r is not any such r µ or r (µ¡ ) : Let

(° ; ±) =
½

(1; 2) if r (1) = 2;
(r (1) ¡ 2; 1) if r (1) ¸ 3.

Then r (0) = r ° =±(0) = 1 and r (1) = r ° =±(1); sothat the setof rational numbers° =±satisfying

r (i ) = r ° =±(i ) for i = 0; 1; : : : ; m; (56)

for somem ¸ 1; is not empty. The set of numbers m for which (56) holds for some° =±
is not unbounded,for if it were, there would be a sequence° m=±m having limit µ such that
r 2 f rµ; rµ¡ g; a contradiction. Let n be the greatestm for which (56) holds, and let c=d;
wherec and d are relatively prime, be a rational number such that

r (i ) = r c=d(i ) for 0; 1; 2; : : : ; n:

As r (n + 1) 6= r c=d(n + 1); oneof the inequalities (48), (50), and (52) holds, so that we have
cases:

Case1: r (n + 1) ¸ r c=d(n + 1): If Conjecture22 is valid, then (49) holds.

Case2: r (n + 1) · r c=d(n + 1) ¡ 2: If Conjecture23 is valid, then by (51), the sequences
tr c=d and tr satisfy the hypothesisof Conjecture 24 (with tr c=d and tr substituted for r c=d

and r; respectively).

Case3: r (n + 1) = r c=d(n + 1) ¡ 1: If Conjecture24 is valid, then by (53), the sequences
tr c=d and tr satisfy the hypothesisof Conjecture 22 (with tr c=d and tr substituted for r c=d

and r; respectively).

Let

r 0 =

8
<

:

tr if (48) holds;
tttr if (50) holds;
tr if (52) holds.

(57)

The discussionof the three casesshows that r 0 satis¯es (48), hence(49), if Conjecture22 is
valid. Let z = r 0: It is easyto check that (54) holds (for z = t½;for every ½in R). Thus,
if Conjecture25 is valid, then, with referenceto (56), the sequencettttr satis¯es

ttttr (i ) = r c=d(i ) for i = 0; 1; : : : n; n + 1

(whereasr (n + 1) may not be equal to r c=d(n + 1)), and a proof of Conjecture 26 follows
by repeated applications of Conjectures22-25. It is hoped that someonewill prove those
conjectures!

The interestedreadermay wish to usethe following website:

http://csserv er.evansville.edu/~bro wnie/cgi-bin/transp ose:
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There, the readercan submit the ¯rst ten to thirt y terms of a sequencer . The dispersion
of the complementary sequencewill appear, of which the submitted sequenceis the ¯rst
column. The reader can then request iterations and see,in the successive ¯rst columns,
initial terms of the sequencestr ; ttr ; tttr ; . . .
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