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Abstract

The problem of erumeration of m-antichains of k-bounded multisets on an n-set
is considered. A formula for calculating the cardinality of the corresponding family
in terms of the graph theory was obtained. A more general caseof multiantichains is
also considered. As an illustration the corresponding explicit formulas are given for
the casewhenl- m- 4, k, 1andn, O.

1 Intro duction

By an m-antichain (an antichain or a Spernerfamily of the length m) onann-setS we meana
family A of m subsetsof S satisfying the condition A; 6pA, for every A;; A, 2 A, A1 6 A,.
Denote by ®m;n) the number of all m-antljchai[ﬂs on an n-set. From Sperner's lemma
[] it follows tt&at ®&m;n) = Oforall m> " " . Thus, knowing the numbers &m; n),
0O- m- lanZC , we can nd the number ®&n) of all antichains on an n-set. The problem of
‘nding numbers ®n) hasa long history, and it is known asthe Dedekind problem. It was
formulated by R. Dedekind[f] asfar badk as1897asthe problem of determining the number
of elemens in a free distributiv e lattice FD(n) on n generators(seealso [[]). In terms of
the theory of Booleanfunctions the problemis equivalert to the problem of enrumerating the
classA;(n) of all monotoneBooleanfunctions of n variables.

The expressionsfor the numbers ®m;n), whenl1l - m - 3, and n is an arbitrary
nonnegatiwe integer, were obtained by N.M. Riviere [A]. D. Cvetkovif [H solved the case
m = 4 basically by computer generation. A further cortribution to the solving of the
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problem was madeby J.L. Arocha [{, [1], who gave in [[]] the correspnding formulas for the
casem = 5;6.

Kilibarda and Jovovif in [H] gave a generalprocedurefor calculating numbers ®&m; n),
which madeit possibleto nd the correspnding explicit formulas for the casewhenl- m -
10andn is arbitrary. Thereit alsois shavn that the problemof nding numbers®m;n) can
be reducedto the problem of enumerating so-calledordered (n; m)-T;-hypergraphs, which
in its turn can be reducedto the problem of nding the number of all connectedbipartite
graphswith xed numbers of verticesand edges,and with a given number of 2-coloringsof
a certain type.

In this paper we considerthe problemthat naturally arisesasa generalizationof the above
mertioned problem of calculating numbers®(m; n). In fact, herewe considerthe problem of
“nding the number ®&k; m; n) of all m-antichains of k-boundedmultisets on an n-set. It turns
out that "increasingthe dimension" of the problem doesnot imposeparticular modi cation
on the correspnding formula obtained in [g]. The formula obtained in this paper, a special
caseof which is the formula from [g] for nding numbers®m; n), hasthe samestructure up
to the type of colorings. Thus the generalizationof the problem discussedn [f] a®ectsonly
the complexity of determining the number of respective colorings.

Note that one of the interpretations of the number ®&k; m; n) is the following: it is equal
to the number of all monotonek-valued Booleanfunctions of n variableswith m lower units,
and with their valuesfrom the setf 0; 1g.

We also considera more generalproblem of nding numbers®°(k; m; n) of all (k; m; n)-
multiantichains of multisets on an n-set.

At the end of the paper as an illustration we give explicit expressiondor the numbers
®Kk;m;n) and ®(k;m;n), k2 N,1- m- 4,n2 Ny.

2 Basic notions

Let X beaset. Denoteby jXj the cardinality of the set X, by B (X) the power setof X . If
jX]j = n, then we sy that X is an n-set.

For all integersmy;m, 2 Z, my - m,, by my; m, denotethe integer interval fmq; m; +
1;:::;m,g. Also, by n denotethe setfl;:::;ngforeveryn 2 N, andlet No = N[ fOg. By
pr; (a) I 2 N, denotethe i-th componert of an n-tuple a. ¢,

Let (a;:: :;an) and (by;:::; k) be two n-tuples from the set O Oki 1 . We write
(ag;::: ;an) (by; o bn) if a b for everyi 2 n. If, in addition, there existsip 2 N sut

Let us introduce somenotions which we are going to usein the paper. The notions of
the graph theory that we do not de ne here are taken from [H].

Following [[], by a multiset on a set S we mean an ordered pair consistingof S and a
mappingf : S! Ny; the valuef (s) is called muItipIic,j,ty ofs2 Sin (S;f). By cardinality
of a multiset a = (S;f) we meanthe number jaj = _,of(s). A multiset a is called an
m-multiset if jaj = m. Let a = (S;f) and b = (S;g) be two multisets. We write a p b if
f(s)- g(s) forewerys2 S.

A multiset a = (S;f) is calledk-boundal (k2 N) if f (s) - kj 1forewerys2 S. Then,
actually, a 2-bounded multiset on S is simply a subsetof S, and an 1-bounded multiset is

2



the empty set. Let us denoteby M ((S) the set of all k-boundedmultisets on S.

Let M be a set of multisets on S. Let us call it an antichain of multisets on S if a 6ub
foreverya;b2 M,a6 b. If [Mj = m (m 2 Ny), then we alsocall M an m-antichain on
S. In the following for brevity salke instead of antichain of multisets on S we shall simply
sa& an antichain on S.

Let us x ann-setS = fs;;:::;s,9, and de ne on S a linear order - in the following
way: S; - S - ¢¢¢- s,. Every multiset consideredherewill be a multiset on S. In what
follows, instead of the notation M (S) we useM . Obviously, every multiset a = (S;f)

Let usdenoteby A (k; m; n) the setof all m-antichains of k-boundedmultisets on S. Also,
let ®&k;m;n) = jA(k;m;n)j. Our goalisto nd the numbers®&k;m;n). LetM p M . It
is easyto seethat M 2 A(k;m;n) i®a 6-b forewerya;b2 M, a6 b.

We denotethe set of verticesof a digraph G by VG, and the setof its arcs| by EG.

Let G = (V;E) be a digraph, and let k 2 N. By k-coloring of G we mean a mapping
°:V ! 0kij 1. Wesa that a vertex from the set®i (i) (i 2 0;k | 1) isi-colored. If a
k-coloring © is a mapping onto we call it an exactk-coloring. A k-coloring © of a digraph
is called monotoneif ©(u) - ©°(v) for every (u;v) 2 E. By Hy(D) (H«(D)) denotethe set
of all monotone k-colorings (exact k-colorings) of a digraph D, and let " (D) = jH«(D)j
("(D) = jA«(D)j); in the following, k is Xxed, and becauseof that, instead of Hy(D)
(H«(D)) and " (D) ("«(D)) we usually write H(D) (H (D)) and " (D) ((D)), respectively.

3 On the number of m-antic hains of k-bounded
multisets on an n-set

Let us x anin nite courtable setV; = fvy;vy;:::gsucthat V; \ S=;. PutV, =

with the setV,, astheir set of vertices. Every digraph with m verticesthat we are going to
considerfurther is an elemen of the setD,.

Let D 2 D,,. Let usdenoteby F (D) the setof all functionsf : V,, ! M y satisfyingthe
following condition: if (v;v% 2 ED, then f (v) u f (v9. Assignto ewery function f 2 F(D)

on S satisfying the condition that the set consisting of these multisets is an m-antichain.
Let &k; m; n) = jA(k;m;n)j. Then it is clearthat

®&k; m;n) = m!®&K; m;n): Q)

Denote by J, the set of all digraphsfrom Dy, in which there is no directed path of the
length , 2. Let us call every digraph from J ,, a hedgehg. Denoteby V;1(J) (V2(J)) the set
of all verticesof a hedgehogl 2 J, for which the input (output) degreeis equalto O. It is
clearthat Vp(J) = V1i(J)\ V,(J) is the set of all isolated vertices of the hedgehogl. The
setV1(J)nVo(J) (V2(I)nVp(J)) is calledthe upper (lower) part of J.



The proof of the following lemmacan be found in [f]. Here we give another proof of this
assertion.

X o
Lemma 3.1 (i LYEPI= (G 1™l
D2J m
P | Ik |
Proof. Put H,(x) = iS:O hmi X', wheres = mT , and hp; is the number of all
hedgehogsvith m verticesandi arcs. It is not ditcylt to shavthat Hp(X) = L, I’E ((1+
X)™i ki 1)k (R052299. Il_;|encef thwe havethat = ,; (i 1)5P1= Hn(j 1)= (j D)™ t.2
Note that Hn(1) = (L, % (2™ k¥ 1)* is the number of hedgehogswith m vertices

(RO0I83).

Also, denoteby M )(D), i 2 m, the set of all m-tuples from M (D) cortaining exactly i
di®erern multisets. It is clearthat

)(n . i .
.(D)y= MYD)i: (@)

i=1
Let s(n; k) and S(n; k) be Stirling numbers of the "rst and secondkind respectively [f].

Lemma 3.2 For everyi 2 m,

(i DEPMOD)j = (i )™ S(m;i) &k;i; n):

D2I m

Proof First, let usintroduce families: P; = fM p M jjM] = jg (G 2m),PY=;,
=fM 2P;j(Qa;b2M)apubrasé bg(J 2Z;m), P= P;nP{ (j 2 m). It isclear
that P = A(k j;n) for everyj 2 m.

Fix somei 2 m, andletM 2 P;,. Let F(M) = ff : Vo ! Mjf(Vm) = Mg and
F(D;M)=FM )\ F(D) foreweryD 2 Dy,. Also, by J»(M ) denotethe set of all vertex-
weighted digraphs (D;f) such that D 2 J, andf 2 F(D;M ). Let Vp(a;D;f) = fv 2
Vimjf(v) = ag for every (D;f) 2 Jn(M ) anda 2 M. Obviously the following equation
holds: X

Y

X X
(i DEPM (D)) = (i 1y=% jF(D;M)j =
o0 n X b2y Mg,
(i YEPIF(D;M )j = (i 1)EPi =
Mg PiD2J X M2 PyDif)23m(M)
= (i 1)EPI+ (j 1)EDI:
M2 P O(Df)2d m(M ) M2 P 9(D:f)2J m (M)

In the above expressiondenotethe rst sum after the last sign= by %4, and the secondone
| by %. Note that if i = 1, then % = 0, and consequetly %= 0+ ¥ = %. Let us show
that the equation %= %, holds for every i 2 m.

Take someM 2 PP i 2 27m. Then there existsa®b®2 M, a°6 b° sothat a®p b°
Let a and b be respectively the minimal elemen and the maximal elemen of a chain in M
cortaining a®and b% 1t is clearthat for every (D;f) 2 Jn(M) the setsV, (1)(a D;f) =
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Vi(D)\ Va(a;D;f) and Vi@ (b;D;f) = V(D) \ Vm(b;D:f) are nonempl. Break the

belong to the samesubclass[J (M )], i® 0= %= f, Vv{’(@;D%f9 = Vi’ (a;D%F9%,
Vi (b;D%F 9 = Vi (b;D%F % and (Vin;EDNEg) = (Vin;EDONEg) = B, where Eq =
ViP(a;DC%f) £ Vi@ (b;D%f). Now we have

X X X .
(M) = (i DFPI = (2=
(D;f)23 m(M) J=1 (D;f)2[Im (M)

o X |
= (DE% (G uEi=o
j=1 EWE,

As ¥4(M ) = 0 for every M 2 P°, we have againthat % = 0.

Now let M 2 P2 i 2 m. Note that a 6pb for every two di®erent a;b 2 M . Break the
classJ (M ) into subclassedd (M )]s, f 2 F(M ) sothat the digraph (D%f9 2 J (M)
belongsto the subclass[Jm(M )]s i®f %= f. Then we have

X X X o
Y= Y = (i 1)JEDJZ
M2 POf2F (M) (D;f)2[Im (M )]t

Put W, = Vin(aj;D;f), DY = (W;;ED\ W?) and m; = jW,j for every j 2 i. Note that
ED\ (Wj,EW,;,) =; foreweryji;j221,j1 6 jo. By Dj, ] 2 i, denotethe digraph from J
that is isomorphicto DjO. It is clearthat when (D;f) passesompletelythe set[J (M )]
then the digraph D; for every j 2 i passeshe whole setJ, . Then using[[emma3.] we

have X - X X - -
(i =2 = 00¢ (i DEPHn( 1)RRY =
(D;f)2[Jm(V\,%]f X D12 m, Di2J m; X
= 00 (i YEPH e =P (5 1yFP =
D12 m, Dy12Im; 1y Di2J m,
= (j pmi? ¢ee (i 1)EPd:::(j 1YEPi U = ¢ge=

D12 m, Dij 123 my, 4
=G DMt ymit= (™t
Note that jP% = ®k;i; n) and jF (M )j = i!S(m;i). Finally, using (1) we get
X N X X
Ya = (i DEPIM D)= (G p™ 1=
D2) m M2 B %f 2F (M)

(i D™ ®k;i; n)its(m;i) = (; D)™ TS(m;i)@k;i; n):2

Now we could give the basicformula of the paper.
Theorem 3.1 For everyk;m 2 N andn 2 Ny,
1 X _
&kimin) = —Js(mi) (ki n);
Ti=1
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whee X o
C(kiin) = (i 1Y%, (D):
D2J;
Proof. From () it follows that
- X D U
(k;m;n) = (i FPT M O(D);:
D2J m i=1
Changingthe order of summationin the last sum and using [emma 3.1, we obtain that
B X X B X Ny
(k;m;n) = G DEMOMD)j = (i D™ S(m;i) @k;i; n):
i=1 D2J i=1
Finally, applying the Stirling inversion|[f] to the previousformula we get
Xrl J—
&k;m;n) = js(m;i)j (k;i; n): 3)
i=1

Now from ([l) follows the statemert. 2
It is easyto seethat the following statemert holds.

Let Bn(ks; ko;:::;kn) be the number of all partitions of an n-setinto k; + k, + ¢¢¢+ Kk,
subsetsamongwhich there are exactly k; i-subsets(i 2 n). Then the polynomials
X
Yo(X1;X2;111;Xp) = B (K ka;:ooikn) xKixs2 cooxkn,

(ka:k2::kn)

wherek; + 2k, + ¢¢¢+ nk, = n (k; , 0), are called, asit is known, Bell polynomials [[L(].
Let J ¢ be the setof all weakly connectedhedgehogdrom the setD,, and let

X
°(kiibn) = (j P (D); i2Tm:

D2J ¢

Now using Lemma 3.3 we can passin [[heorem 3.] from the classof all hedgehoggo the
classof all connectedhedgehogs.

The following assertion showns in which way the number | (D) is connectedwith the
number of all monotonek-coloringsof a digraph D.

Lemma 3.5 For everyD 2 D, , (D) = ""(D).
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(;j2mi6])i®a - &. Henceit follows that for every i 2 n, the mapping % of
Vm into O;k i 1, where®(v;) = pr;(a;) for every j 2 m, is a monotonek-coloring of D.

equation holds.2
From [[heorem 3.7 and Lemma 3.5 we get the following theorem:

X X

Theorem 3.2 ®&k;m;n) = % js(m;i)j (i 1YEPI (D).
N D2J;

Finally, using[[heorem 3], Lemma3.4and Lemma3.5, we areableto prove the following
theorem:

Theorem 3.3 For everyk;m 2 N andn 2 Ny,

1 X o
®&k; m;n) = - js(m;i)j (ki n);

N

whele
(ki) =Yk Ln); o (ks 2n); e (ki n)); 02
and X
NCTHD N (Ve () N I H
D2CJ]-c

4 On monotone k-colorings of digraphs
It is easyto seethat the following three propositions are true.
Prop osition 4.1 If D and D°are two isomorphic digraphs,then” (D) = " (D9.

Prop osition 4.2 If D is the condensationof a digraph D, then” (D) = " (D).

(D) = "(Cy) ¢ (Cy) Ceete” (Cy):

For ewery digraph D by D! denote the converseof D, namely, the digraph that is
obtained from D whenwe changethe orientation of every arc.

Prop osition 4.4 For everydigraphD, “(Di 1) = " (D).



Proof. Let D = (V;E) beadigraph,andf : V! 0;kj 1beamonotonek-coloringofD.
Then the mappingf: V! 0,k 1,wheref\(v) = kj 1j f (v) for everyv 2 V, isamonotone
k-coloring of D . Obviously, the correspndencef 7! f* deThes a bijection between sets
H(D) and H(Di 1), and consequetly jH(D)j = jH(Di 1)j, i.e.,” (D' ) = "(D).2

Let D beadigraph,andV; p VD beasetofits vertices. Denoteby D j V; the subgraph
<VDnV;> of D inducedby the set of verticesVDnV;. Let v be a vertex of D. Denote by
Out(v) the set of all verticesfrom VD nfvg which are accessiblan D from v, and by In(v)
| the setof all verticesfrom VDnfvg from which in D the vertex v is accessible Also let
us make an agreemeh Below we shall deal with vertex-weighted digraphs. Let (D;fp) be
a sud digraph. For shortnesssake, we denoteby jvj the valuefp(v) (v2 VD).

Let D 2 D, be an arbitrary digraph. Supposethat we have k colorsat our disposal. To
‘nd the number " (D) = " (D) we make useof the following Geneml coloring procedure:

1. Find the condensationD“ of the digraph D. Go to the next step.

2. If in D” there are two verticesu;v 2 VD sud that (u;v) 2 ED, and there exists a
path vi = U;e;Va,ii1Vh1;€n; 1:Vn = V (N, 3), then deletethe arc (u;v). Repeat
this operation until sud pairs of vertices exist. The obtained digraph designby D°
Go to the next step.

3. Takel := 0and Dy := fD{?g, whereD? is the vertex-weighed digraph (D® f po) such
that jvj = O;k j 1foreveryv2 VD? Go to the next step.

4. If all digraphsfrom D, = fD{";D{::::: DY g aretotally disconnected(they have no
arcs), we go to step 6. Otherwise, let us take a digraph D) (ip 2 M) from D, that is
not totally disconnected.Let v2 D{?, and let jjvjj = p (herejjvjj meanscardinality of
the setjvj). Take p isomorphiccopies

S0 =0+ =+
Di, iDiyer i Digeny 1

lo

of the vertex-weighted digraph D(') i Vv sothat VD,(L+1J) 1\ VD-(') =; foreweryj 2p

andi 2 ny, andVD,(LfJ)1I 1\ VD.(L:?Z. .= ; foreveryji;j22p,j1 6 j,. Foreweryvertex

u?2 V(D() , v) by u®) (j 2 p) denotethe correspnding vertex of the vertex-weighted
digraph DIo+J| 1; consequetly, jul)j = juj for everyj 2 p. For eah t 2 jvj = NNy,
perform the following operations. For every u 2 Out(v), replacethe mark julio*ti nj
of the vertex ulo*ti 1) with interval jule*ti"j\ t; ki 1. Also, for every u 2 In(v),
replacethe label jutio*ti ")j of the vertex ulio*ti ") with the interval ju(e*ti "Jj\ 0;t.

. . . —(1+1)
Let us denotethe obtained vertex-weighted digraph by D ; .+, n,)- Now put

8 O] D]
2 Dy 2L L
(1+1) ._ =(1) Doy
'51 = s Dy ; ] 2iglot pi L
. | . <
Dj(l)pﬂ, j 2ipg+p;n+pj L

Increasethe value of the parameterl by 1. Go to the next step.
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5. If for somevertexv of adigraph B 2 D, (j 2 ) it holdsthat jvj = 1andjvDB"j 6 1,
then D" := B fvg. Repeatthis operation until it is possible.Put D" := B{" for
ewveryj 2 n). Go againto the forth step.

6. Calculate the value
XY

(D) = ivii;
=1 yop®
and nish the procedure.
Let D be a digraph, and let jVDj = m. It is clearthat ?(D) = 0 for every i > m, and

that " “k.”
W(Py=" . N(D): (4)

i=1
The last formula is very useful: knowing the nite set of numbers” (D), i 2 m, we can nd
"k(D) for every k 2 N. By applying binomial inversion[[[] to (4) we get
XK _Mk'ﬂ
D)= (i Y . i(D): (5)
i=1
Let us give formulas for “ (D) in somespecial casesof digraph D.

Example 1 By using Generalcoloring procedurewe can nd, for example,the value " 3 of
the following digraph D:

g S S S
A
¢A ¢ _ 07

O
N

A (E:A A s S — S
Re ™ Bs Q%&s Q@és (;sziL
S S S '
0 0,1 0,2
= OE st O;lt st O’ZE s =
0 0 o1 Ol o2 02
S S S
0,2 1,2 2
= 3¢1¢l + 4¢2¢2 + 10¢3¢1 = 49

In the above illustration we passfrom the rst digraph, digraph D, to the secondone by
using the rst step of Generalcoloring procedure. The third digraph is obtained by using
the secondstep of the procedure. In the sameway we can nd the other valuesof the rst
row of the following table.

k 1 2 3 4 5 6 7 8
“«(D) |1 10 49 168 462 1092 2310 4488
"ND)|1 8 22 28 17 4 0 0




Using (f) from the rst row we get the secondrow of the table. Now from (f]J) we have

“«(D) = %)¢(24k+ 98k? + 1353 + 80k* + 21k® + 2k°):

Note that we accidenally have obtained the sequencgR05194]).

Example 2 Denoteby P, the digraph having the form of a directed path of the length
ni 1 (with n vertices). It is easyto seethat

. (P)_un+ki 1ﬂ_
k\FFn) — kil .

Example 3 Denoteby K(m;n) the complete hedgehogwith m verticesin its upper part
and n verticesin its lower part. By using General coloring procedureand beginning with
the unique vertex from the upper part of the digraph K (1; n) we immediately have that

W[K(L;n)] = 1"+ 2" + ¢ee+ k": (6)
Now let us generalizeformula (6).

Prop osition 4.5 For everyk;m;n 2 N,
s X( . . .
(K(mym] = [(k+1i )" (ki i)"]ei™ (7
i=1
or
X«
wWR(min)l = [(k+ 1§ D)™ (ki i)"]ei™
i=1
Proof. Let J be a connectedhedgehog.As hedgehog] is weekly connected,V;(J) is the

upper part, and V,(J) | the lower part of J. Denoteby ©;(J), i 2 2, the setof all functions
f:Vi(d)! Okj 1 Then

X Y
“J) = (minff (u)ju 2 Out(v)g+ 1) (8)
f202(J) v2V1(J)
or X Y
“J) = (ki maxff(u)juz2 In(v)g):

f201(J) v2V2(J)

BecausK (m;n) 2 J ¢, , wecanmake, for example,useofthe rst formula, and calculate

m+n

the number of functionsf 2 ©,(K (m; n)) satisfying the condition

minff (u)ju2 Vo(K(m;n))g=1j L
For this purposewe have to nd the number of n-tuples of the numbersi i 1;i;:::;kj 1
containing the number i j 1, and by using the formula () we get the formula from the
proposition.
The secondequality of the proposition followsimmediately from ([]) and]| . 2
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5 On the number of m-multian tic hains of k-bounded
multisets on an n-set

The notion of an m-antichain of multisets on a setcanbe naturally generalizedo the notion
of an m-multiantichain of multisets on a setin the following way. By an m-multiantichain
M of multisets on a set S we meanan m-multiset M of multisets on S sud that a 6ub or
a = bforewrya;b2 M. An m-multiantichain of k-bounded multisets on an n-set S is
called a (k; m; n)-multiantichain on S.

Let us denoteby A®(k; m; n) the setof all (k; m; n)-multiantichainson S, and put

®%(k;m; n) = jJA%(k; m; n)j:
Introducethe numbers

xn
tm;i) = LYm;Djs(i)j; i2m;
=i
where LY{m; ) are unsignedLah numbers ], or, asthey are also called, Stirling numbers
of the third kind; let us call the numberst(m;i) unsignal Lah-Stirling numkers of the rst
kind. The following table givesthesenumbersfor small valuesof m and i (R07963):

tm;i) |i=1 2 3 4 5 6 7
m=1|1

213 1

3|14 9 1

4190 83 18 1

51744 870 275 30 1

6 | 7560 10474 4275 685 45 1

7 191440 143892 70924 14805 1435 63 1

Now let us prove the following assertion:

1 X _
Theorem 5.1 ®(k;m;n) = = t(m;i) "~ (k;i; n).
Ti=1

i 0 i ,
Proof. As ITi'll is the number of compositions of the number m into | parts [f], we have

o BT
@ (k;min) = T.' 11 ®xk;l;n) =
=1 I
H 1
= 1 XT] m! mi 1 - . e 1 Xn . . . .
R - T o1 8k;lin) = — _ LYm: 1) &(k: |: n):

Now, applying formula ([J) and changingthe order of the summation we get
1 X X _ 1 X _
®(k;m;n) = o LYm: 1)  js(l:1)j (k;i; n) = - t(m;i) (k;i;n):2

EY] i=1 Tzl
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6 Explicit form ulas for small values of m

Let us calculate ®&k; m;n) and ®(k;m;n) fork , 1,1 - m - 4andn , 0. In the
table below the rst column gives unlabeled (weakly) connectedhedgehogswith lessthan
or equalto 4 vertices,and the secondcolumn givesthe number (J) of isomorphic (labeled)
digraphsto the correspndinghedgehogdl. (For examplethere are 4 unlabeledand 38labeled
connectedhedgehog®on 4 vertices. Numbers of unlabeled and labeled connectedhedgehogs
on m verticesare given under[A00777pand F002031) By using Generalcoloring procedure,
asin Example 1, one could 1l the third column that givesthe correspnding polynomials
“«(Ji), i 2 8 (in the caseof J;, i 2 2;6 we can make use of (f), and in the caseof Jg we
can make useof | ). Also let us note that from | ] we have that
"k(J3) = "k(J4) and " (Js) = “k(Js) for every k 2 N. The last column of the table givesthe
corresnding referenceto [[L]].

[T [ 3 [0 p=p®="E) [OEISID]

11 1 k

2 (k* + k)=2 AO00Z1Y
(2k3 + 3K2 + k)=6 [00033D
3 (2k3 + 3Kk2 + k)=6 [R00033D

w
w
D@y, || &g
) '@sz_@ﬁ 9
w

?ﬁz

4|5 gq ; (k*+ 2k3 + k?)=4 A00053Y
6 2 : 4 (k*+ 2k3 + k?)=4 RO0053Y
7 q@@é 24 | (5k*+ 10k3 + 7k? + 2k)=24 | A00G37P
8 @@Ia 6 (k*+ 2k3+ 2k?+ k)=6 | [A00632p

By using the above table and the third formula from [Thecrem 3.3, we get
°(k;Lin)=pl; °(k;2zn) = 2p5; °(k;3n)=6p3; °(k;4n) =i 8p5i 24p; + 6pg:
Replacingx; by °(k;i; n) (i 2 4) in Bell polynomialsY; (x1;:::;%;), j 2 4, [[LQ):

— . . — 2 . . . — 3 .
Yi(X1) = X1; Ya(X1;X2) = X7+ Xa;  Ya(X1;X2;X3) = Xi + 3X1X2 + Xz;
Ya(X1; X205 X3; Xa) = X§ + BX3Xo + 4X1X3 + 3X3 + Xy4;

and using the secondformula from [[heorem 2.3, we obtain the expressions:

(kLn)=d; (k2zn) =i 2g; (k3n)=o0i 6 + 6
(ki4n) = o, i 1200 + 24050 + 405 | 2405 + 607 ;
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where

=P ®=P; B=PL G=Ps =P b= P G = Ps
®B=Pr; ®=Ps; Go= PiPs; 1= PiP2 Gh2 = Pi

(it is not ditcult to seethat g < q for everyi;j 2 12,i 6 j, and ewvery k , 4). By using
the rst formula from [heorem 3.3, we nally have that

®&k;1,n) = o,

Gki2n) = (i 2+ )

®k;3;n) = %(Zqﬁ‘i 60 + 30 + 607 i 605 + O);
G(ki4n) = 7 (6 i 2g+ 115 + 36 i 36 + 6+

+ 607 i 2408 + 45 + 24d)y i 1290, + df):

Similarly, using [[heorem©5.] and the unsignedLah-Stirling numbers of the rst kind from
the [2DTq givenin Section5, we get

®&(k;L,n) = o

®(k;2n) = %(30&‘ i 200 + &);

®'(k;2;n) = %(14%‘] 18 + 9 + 60 | 6Cf + f);
®(k;4;n) = %(90(:[’1‘ i leeay + 83qy; + 108y, i 108y + 185+

+ 60y i 2408 + 4p + 2400, i 1200, + dfy):

Example 4 Let usgivethe valuesof g (i 2 12, k 2 10) in the following table:

[ [k=1] 2] 3] 4] 5[ 6] 7] 8] 9] 10]

o]} 1 2 3 4 5 6 7 8 9 10
o)) 1 3 6 10 15 21 28 36 45 55
03 1 4 9 16 25 36 49 64 81 100
o/ 1 5 14 30 55 91| 140| 204| 285| 385
(03 1 6 18 40 75| 126| 196| 288| 405| 550
O 1 8 27 64| 125| 216| 343| 512| 729| 1000
(o7 1 7 26 70| 155| 301| 532| 876| 1365 2035
o' 1 8 31 85| 190| 371| 658 1086| 1695| 2530
(0 1 9 36| 100| 225| 441| 784 1296| 2025| 3025
Gho 1 10 42| 120| 275| 546| 980| 1632| 2565| 3850
Ch1 1 12 54| 160| 375| 756| 1372| 2304 | 3645| 5500
Gh2 1 16 81| 256| 625| 1296| 2401| 4096 | 6561 | 10000
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Now using this table and the above given formulas, we can calculate the numbers ®k; m; n)
and ®(k; m;n) for m 2 4, k 2 10, and for every n. For example,using the forth column of
this table, we immediately get the correspnding expressiondor ®&4; m; n) (m 2 4):

®&4;1;n) = 47
®4;2;n) = %(4n i 2¢10"+ 16");
®&4;3;n) = %(2 ¢4"j 6¢10"+ 3¢16"+ 6¢30" | 6¢40" + 64");
1
®4;4;n) = 5(6 ¢4"j 22¢10" + 11¢16" + 36¢30" | 36¢40" + 6¢64"+

+ 6¢70" | 24¢85 + 4¢100' + 24¢120'; 12¢160' + 2568"):

In this way, usingthe isomorphismtesting program Nauty [[[3] we can derive the expressions
for ®k; m; n) and ®(k; m; n) at leastup to m = 16. For k = 2 and k = 3 the correspnding
expressiongan be found in [[LJ] under the following IDs:

k=2,m=2 2,3 2,4 3,2 3,3 3,4
®(k; m; n) A01626P | AO4//0F| AOS111P| AOB48/#| AUB48 /b | AQ848/7h
®"(k; m; n) A08486P | AUB48/70| A0S48 /71| A0848/P| AU84880 | A08485]1

Note that the numbers ®2; m; n) give the numbers of all \ordinary" (not consisting of
multisets, but consistingof sets)m-antichainson an n-set. In [f] only the caseof the numbers
®(2; m; n) is considered,and the expressiongor thesenumbers,whenm 2 1;7 andn 2 N,
are given. These expressionsand the expressionsfor ®2; m;n), when8 - m - 10 and
n 2 N, together with their valuesfor small valuesof n are presened on site [[]] (ROIGZ6}
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