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Abstract

A subset S of a nite Abelian group G is said to be a sum cover of G if every
elemert of G can be expressedasthe sum of two not necessarilydistinct elemeris in S,
a strict sum cover of G if every elemert of G can be expressedasthe sum of two distinct
elemerns in S, and a di®erencecover of G if every elemern of G can be expressedasthe
di®erenceof two elemerts in S. For ead type of cover, we determine for small k the
largest Abelian group for which a k-elemen cover exists. For this purposewe compute
a minimum sum cover, a minimum strict sum cover, and a minimum di®erencecover
for Abelian groups of order up to 85, 90, and 127, respectively, by a backtrack searth
with isomorph rejection.

1 Intro duction

In this article, all groupsare nite even when not explicity mertioned. Let S be a subset
of an Abeliangroup G andlet s(S) = fa+ bja;b2 Sg, ss(S) = fa;bja;b2 S;a6 bgand
d(S) =faj bja;b2 Sg. Then S is saidto be a sum cover of G if s(S) = G, a strict sum
cover of G if ss(S) = 61 andg@ di®erence cover of G if d(S) = G. qu_lv_%rsely S is a sum
packing of G if js(G)j = 1512*1 , a strict sum packing of G if jss(G)j = ’“Z" and a di®eence
packing of G if jd(G) nfOgj = jSj(jSji 1).
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Graham and Sloane[f] consider,amongrelated problems,padking and covering problems
in cyclic groups. They determine the largest cyclic group that has a k-eleme sum cover
for k - 9; the largest cyclic group that has a k-elemen strict sum cover for k - 10, the
smallestcyclic group that admits a k-elemen sum pading for k - 12 exceptk = 11, and
the smallestcyclic group that admits a k-elemen strict sum pading for k - 10.

A natural way of determining a maximum padking or a minimum cover of a group is to
combine boundsfrom constructionsand courting argumerts with the results of a computer
seartr. Swanson [[[T] gives some constructions and computational results for maximum
di®erencepadkings of cyclic groups. Haanpd#, Huima, and &sterdard [A] compute maximum
sum and strict sum padkings of cyclic groups, and Haanpd#é and Sstergard [@ consider
maximum strict sum padkings of Abelian groups. Fitch and Jamison [[] give minimum
sum and strict sum covers of small cyclic groups,and Wiedemann([[L]] determinesminimum
di®erencecoversfor cyclic groupsof order at most 133.

In Sectionf] we presert somede nitions and boundsconcerningsumand di®erencecovers
and padings. In Sectionf§ we descrite the equivalenceof subsetsof Abelian groupsand a
method for carrying out isomorphrejection. We descrike the seard algorithm and summarize
the resultsin Sectionsf] and fj, respectively.

2 De nitions and bounds

We de ne ngs (k), ns(k), and nq (k) asthe largestn suc that an Abelian group of order n
has a k-elemen strict sum cover, sum cover, and di®erencecover, respectively. Similarly,
ng (k), n2(k), and nJ (k) denotethe largestn for which Z, hasa k-elemen strict sum cover,
sum cover, and di®erencecover, respectively.

We also make the correspnding de nitions for padkings. We de ne v (k), vs(k), and
Vg (k) asthe leastn sud that an Abelian group of order n admits a k-elemen strict sum
padking, sum pading, and di®erencepading, respectively. Also, we de ne v (k), v (k),
and V3 (k) asthe leastn sud that Z,, admits a k-elemen strict sum padking, sum pading,
and di®erencepadking, respectively.

Lemma 2.1 Any sum packing of an Abelian group G is also a di®elene packing, and con-
versely.

Pro of: Let S beasumpading of G. By de nition, for all fa;bg 6 fc;dg with a;b;c;d2 S
we havea+ b6 c+ d. Therefore,for all aj d= cj bwith a;b;c;d2 S, a6 d, andb6& cwe
havefa;bg= fc;dg. Asa6 dandb6 c, we must havea= cand b= d, and (a;d) = (c;b).

Let S be a di®erencepacking of G. For all (a;d) 6 (c;b) with a;b;c;d2 S, a6 d and
b6 cwehaveaj d6 cj b Thus,foralla+ b= c+ dwith a;b;c;d2 S,a6 d, andb6 ¢
it holdsthat (a;d) = (c;b), and thereforefa;bg = fc;dg.

Corollary 2.1 By de nition, vg (k) = vs (k).
A simple courting argumen shows that

NG (k) - ng(k) - k(ki 1)+ 1+ va(k) - V3(K): (2)
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Equality holdsin (f) when every nonzerogroup elemer can be represeted in exactly
oneway asthe di®erenceof two elemerts in a subset. In sut a casewe have a di®erenceset;
a di®erenceset is obviously both a di®erencecover and a di®erencepadking. A well known
construction by Singershowvsthat ng (k) = k(kj 1)+ 1= vJ(k) wheneerk i 1isa prime
power. For more information on di®erencesets we refer the readerto Jungnickel's survey
M-

Similar courting argumens shaw that
H K+ 1ﬂ

200 Nk

- Vs (k) - vO(k)

and that ukﬂ
nd (k) - ngs(K) - 5 Vss (K) - Ve (K):
It is impossiblefor a sum cover or strict sum cover with more than a small number of
elemerts to cover every group elemer exactly once.
i C
Theorem 2.1 For k , 5, ne (k) < "; < Ves (K).

Pro of: If gquality would hold one oneside, it would alsohold on the other. Supposethat
Vss (K) = '; for so ek. Then there exists a k-elemen strict sum padking of an Abelian

group & of order ; . Haanp##é and éster(jird [H] shawv that for sud a padking to exist,
iGj ., 1j ﬁ (k?i 3k + 2), wheren, (G) is the index of the subgroupof G that is

formed by elemens of order 2. If n, (G) = 1, then all elemens are of order two, O cannot be
represeted asthe sumof two distinct elemens, and no strict sumcover exists. If n, (G) , 2
we have %k(ki 1) =G}, %(k2 i 3k+ 2), and thusk - 8. The computational results in
Sectionf] eliminate the casess - k - 8.

i,..C
Theorem 2.2 For k., 3, ne(k) < I'”zl < vs (K).

Pro of: Ag@ln if equality would hold on one side, it wou hold on the other. Suppose
Vs (K) = k+1 for somek. Sincevs (k) = vq (k), we have k*; = ve(k) = vg(k) , k(ki 1)+
1, and thusk< 3.

3 Isomorph rejection in Ab elian groups

In this sectionwe de ne the conceptof equivalenceof subsetsof Abelian groupsand nd that

the equivalencemappingsform a group. This group partitions subsetsinto orbits; from ead

orbit we choosethe lexicographicminimum of the orbit asthe canonicalrepresemative. In

the badktrack seard of Section, wherewe construct coversby recursively extendingsubsets
by adding an elemen to them, it sutcesto extend only canonicalsubsets.In orderto speed
up the seart, we describe a test which will recognizesomesubsetsas non-canonical.
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3.1 Automorphisms of Ab elian groups

It is well known that all nite Abelian groupsare isomorphicto a direct product of cyclic
groupsof prime power order. A primary Abelian group is an Abelian group of prime power
order; in sud a group all direct factors have ordersthat are powersof the sameprime. Any
Abelian group may be expressedas the direct product of primary Abelian groups.

Let x* denote the image of x under A, wherex is an elemen and A an automorphlsm

of an Abelian group. For tuples apd setswe Q,sethe mduc&d mapping; let (x;::: X))

x’f;""xk ,andfxl;::"xkg xl;:::;xﬁ Let xH = xhthH

An automorphism of an Abelian group G is a bijection A: G 7! G sud that xA + yA =
(x + y)*, or xA+ yA = ZA i®x + y = z. Shada described the automorphismsof nite Abelian
groupsin [[L{]. In particular, a primary Abelian group Zpe; £ ¢¢¢£ Z e, wherep is a prime,
ande, , ¢¢¢, e, hasautomorphismsof the form A: x 7! Ax, wherex is a column vector
that represeis an elemen of an Abelian group in the obvious way, and A is ak £ k matrix
of the form 0 1
hll pe1i ezh12 ¢ee peli & hlk
h21 h2o P21 S hyy

ha  00¢  C0¢ hy

wheredet(A) 6" 0 mod p and h; are integers. In the matrix multiplication the ith elemen
of the resulting vector is calculatedmodulo p®, and thusit sutcesto consider0 - h; < p*,
where! = max(i;j). Shada alsoshaved that when a nite Abelian group is expressedas
the direct product of primary Abelian groupswhoseordersare powersof distinct primes, the
automorphism group of the Abelian group is a direct product of the automorphism groups
of the primary Abelian direct factors.

3.2 Equiv alent sets

We considertwo sets S;T p G equivalert if T = S* whereA : G 7! G is a bijection
that preser\esthe equality of two-elemeh sums. That is, we must havew + X = y+ Z i®
WA + XA = yA + ZA

Letting z= Owehavew+ x = y+ 0i®@wA+ xA = 22+ 0A i@wWA | 0f+ xA| 0" = 2A OA,
Letting c= 0* and substituting xA = xA+cwend w+ x =y I®WA+ xA = yA soAis an
automorphismof G, and A must be of the form A : x 7! x*+ ¢, whereA is an automorphism
of Gandc 2 G. All A of the form A : x 7! x*+ ¢ presene the equallty of two-elemem
sums; such A form a group, which we denotewith H. As 0 = 0 for all A 2 Aut (G) and
Aut (G) u H, we denoteH, = Aut (G).

3.3 Canonicit y test

For the elemens of G we usethe usual lexicographicorder for tuples exceptthat we choose
an elemen gy 2 G of maximum order and let gy precedeall elements other than 0. The
order of the subsetsof G is the lexicographicalorder: for S;T 4 G, S < T i® there exists
x2Gsuhthat x2 S,x2Tandy2 Si®y 2 T forally < xin G. WhenH actson G, the
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subsetsof G are partitioned into orbits. A subsetS p G is canonical,if it is the minimum
of its orbit: S = minSH. )

As the simplistic method of testing the canonicity of S by computing SA for every A 2 H
would be prohibitiv ely laborious for groupswith largejH |, we limit the canonicity testing to
a left transversalof H. A left transversalof a subgroupcortains exactly one represetativ e
from ead of the left cosetsof the subgroup. In particular, we determine a transversal T of
the subgroupHgg, 1 H that xes 0 and gy pointwise. For ewvery (g;; g,) whereg, i @i is

of maximum order there is a A 2 T sud that (gl;gz)Ai = (0;00). In testing S p G for
canonicity, we determine all pairs (di; g2) sud that g1;0, 2 S and gz i ¢ is an elemen of

maximum order; for eat such pair we determinethe A 2 T for which (gy; &))" 'z (©0; 90)
and reject S as not canonicalif SA'* < S. If S - SA' for all A tried, we acceptS as
possibly canonical.

For determining T, we rst choosea transversal T of Hy 2 H. For corvenience,we
choose Ty to cortain the mappingf : x 7! x + g for every g 2 G. We also choose a
transversal Ty, of Hog, 1 Ho, Sothat for every g 2 g thereis a A2 T, for which ¢f = g.
When mappingscomposefrom left to right, T = Ty, Ty is the desiredtransversal.

Let us give an informal justi cation of this limited canonicity testing. First, we suppose
that the vast majority of setsto be tested cortain a pair g;; g suc that (g:; ) 2 (0; go)"
| the setsthat do not are always acceptedas possibly canonical. With that assumptionit
clearly sutcesto consideronly mappingsthat map a pair to (0; go), sincesetsthat cortain 0
and g, precedethosethat do not. To somewhatjustify that assumption,note that Jamison
[A] provesthat for n < 2310,every sum cover of Z, is equivalert to onethat cortains 0 and
1.

If G is cyclic, wehaveH = T, and our canonicitytest will only acceptcanonicalsubsets.

It may be shawn that in an Abelian group " ®~, ' (jGj), where' denotesthe Euler

totient function, and equality holds for cyclic G. SincejToj = jGj, we have|Tj, jGj' (jGj).
SinceT is at leastaslarge for an Abelian group asit is for a cyclic group of the sameorder,
it appearsthat our canonicity test is of at least comparableexciency for an Abelian group
asit is for a cyclic group of the sameorder. It would seem,howewer, that our canonicity
test leaves much room for improvemert particularly for Abelian groupswith seweral cyclic
direct factors whoseordersare powers of the sameprime.

4 An orderly algorithm

Our seart algorithm is a badtrack seard with isomorphrejection. It is an orderly algorithm
in the style of Faradzev [[[] and Read[H]. Let H bea nite groupthat actsona nite totally
ordered set X ; for subsetsof X we use the induced action. The order on X inducesa
lexicographicorder on the set of all subsetsof X. A subsetS pu X is saidto be canonical,
if S h(S)forallh2H.

Theorem 4.1 When started on the empty set, the following metha visits every canonical
subsetof X : Upon visiting a canonical subsetS p X, construct each of the subsetsS|[ fxg



whee x 2 X ands < x for all s2 S, and visit recursively thosenewly constructed subsets
that are canonical.

Proof: Denef (S)= SnfmaxSgfor; 6 Spu X. Obsenethat f is weakly monotonic
on k-subsets: for two k-subsetsS; T p X, S < T impliesf (S) - f (T). Also, for any
h2H,fh(S) - - h(f (S)), asboth may be obtained from h (S) by removing an elemen
{ the maximum elemer in caseof f (h(S)). As the induction base,the null set (the only
0-elemen subsetof X)) is visited. As the induction step, if all canonicaln-subsetsof X are
visited, then all canonicaln + 1-subsetsof X will alsobe: let C be a canonicaln + 1-subset
of X. As C is canonical,C - h(C) for all h 2 H. Sincef is weakly monotonic, this implies
f(C)- f(h(C)) - h(f (C)) forall h2 H. Sincef (C) - h(f (C)) forallh2 H,f (C)is
alsocanonical. By the induction hypothesis,f (C) is visited, and thereforeC is alsovisited.

In our seard, X will consistof the elemens of the Abelian group G under consideration
and H will be the group of equivalence mappings of G. As describted in Sectionf§, our
canonicity test may fail to detectthat a subsetis not canonical,in which casesomeequivalert
subsetsmay be visited more than oncein the seard.

Our algorithm receiwes as parametersan integer k and an Abelian group G. Then,
using the isomorph rejection method describted above with the canonicity test detailed in
Section§, it searties for a k-elemern cover of G. SinceH presenes the distinctness of
sumsor di®erence®f two elemens of G, we may also prune someblrar_@esof the tree by a
courting argumert. For constructing a strict sum cover, let p(S) = ‘2‘ i jss(S)j represem
the dupllcatlaln n& the partial strict sum cover IS § ;. Let S°= S| fsg wheres 2 S.
Now p(S9) = 1S37j jss(S)[ fs+tjt2Sgi, S +jSji jss(S)ii jSj= p(S). Thus,as
dupllcatlor(’t canonly increasewhenelemens areaddedto a partial strict sumcover, anqtsmce

p(C) = i ]G] for ak-elemen strict sumcover C of G, the brancheswherep (S) > i 1G]
may be pruned sincesuc an S cannotbe a subsetof a k-elemen strllct sugn cover of G The
analogousargumernt may be presenied for sum coverswith p(S) = 151” i Js(S)) and for
di®erencecoverswith p(S) = jSj(jSji 1)i jd(G)).

5 Results

We computedthe minimum coverswith the algorithm descriked for Abelian groupsof small
order. The distributed batch systemautoson[f] wasusedfor performing the computation on
a heterogeneousetwork of PCs. We computedthe minimum sum cover of groupswith order
up to 85, the minimum strict sum cover up to group order 90 and the minimum di®erence
cover up to group order 127. We did not compute the di®erencecoversfor groupsof orders
between128and 132, but we computed a 12-elemeh di®erencecover of Z33, the existence
of which is guararteed by Singer'stheorem. We also cheded that no 13-elemeh sum cover
exists for groups G with 86 - jGj - 90. From the results of these computations and the
boundsfrom Section2 we obtain nq (k) and nd (k) for k - 12, ns (k) and n (k) for k - 13,
and ngs (k) and n (k) for k - 14. The results are summarizedin Tables[l], B, B, and }.
The remaining minimum covers computed may be obtained by cortacting the author or at
<URL:http://www.tcs.hut.fi/~haha/>



Givenak-elemen cover S of an Abeliangroup G, it is straightforward to verify that it is,
indeed,a cover of the requiredkind. However, it is generallynot straightforward to verify that
nok i 1l-elemem cover exists,or that no k-elemer cover of a larger group exists. The most
natural way to verify the resultswould be to ched whether an independert implemertation
givesthe sameresults. For cyclic groups of order up to 54 we obtain minimum sum and
strict sum covers of the samecardinality as Fitch and Jamison [[] with one exception: we
found a smaller strict sumcoverf0;1;2;3;4;5;11; 18,23, 28,359 ¥2 Z4;. For cyclic groupsof
order up to 127 we obtain minimum di®erencecovers of the samecardinality asWiedemann
[L2]. The coversthemsehescannot be compareddue to a di®eren ordering of the elemens
of G in the seard.

Ac knowledgemen ts

The author wishesto thank Petteri Kaski and Patric 6ster®rd for helpful commerts and
valuable discussions.

Table 1: Valuesof ng (k), n3 (k), ns (k), ng(k), nss (k), and nd (k).

k|2 3 4 5 6 7 8 9 10 11 12 13 14
na(k) |3 7 13 21 31 39 57 73 91 95 133
nd(k) [3 7 13 21 31 39 57 73 91 95 133
ns(k) |3 5 9 13 19 21 30 36 43 51 64 72
(k) |3 5 9 13 19 21 30 35 43 51 63 67
ns(K)| 3 6 9 13 20 25 30 36 42 56 64 72
n.(ky| 3 6 9 13 17 24 30 36 42 56 61 72




Table 2: Di®erencecoversthat corresmpnd to valuesof ng(k) and n(k).

k G a minimum di®erencecover
3 Z; f0;1;,3¢g
4 Zi3 10;1;3;9
5 Z, f0;1,6;8;18
6 Zs f0;1,3,8 1218
7 Zig f0;1;,16 20 22 27 309
8 Zs; 10;1;9;11 14 35,39 519
9 Z;; f10;1;3;7,15 31, 36,54;63g
10 Zo f£0;1;7,16,27,56,60;,68 70,739
11 Zgs f£0;1;5;8;18 20,29 31;45,61,679
12 Zi33 f0;1,324244,48,51;59,72,77,97,111g
Table 3: Sum coversthat correspnd to valuesof ng(k) or nd(k).
k jG G a minimum sum cover
2 3 Zj f0; 19
3 5 Zs f0;1;29
4 9 Zg f0;1;3;49
5 13 Zj3 f0; 1;2;6;,9
6 19 Zig f0;1;3;1214, 15
7 21 Z, f0;1;3;7,11;,15 19
8 30 Zg f0;1;3;9;11;12 16, 269
9 35 Zsis f0;1; 3,13 15,17, 27,29 30g
9 36 Z,£Zj f(0;0;0);(1;0;1);(0;0; 1); (0;0; 2); (1; 1, 0);
(1;2,0);(3;0;2);(3;1,0); (3;2,0)g
10 43 Zy4 f0;1;2;3;10; 15, 21; 25, 31; 369
11 51 Zs f0;1;3;7;10, 15, 18, 22, 24; 25, 38
12 63 Zg f0;1;3;8;12 18,22, 27,29, 30,43, 50y
12 64 zg f(0; 0); (0;1); (0; 4); (1;0); (1; 2); (2; 1);
(2;2);(2;6); (4;5); (5;0); (5;2); (6;5)g
13 67 Zg f0;1;2;3;4;5;6; 16,24, 33,40, 49,579
13 72 ZEZ4EZy f(0;0;0);(0;1;1);(0;0;2);(0;2;1); (0; 2, 4);

(0;2;7);(0; 3;1);(1; 0; 3); (1; 0; 8); (1; 1; 1);
(1,2,5);(1;2,6);(1;3; 1)



Table 4: Strict sum coversthat corresmnd to valuesof ngs(k) or nd(k).

k jG G a minimum strict sum cover
3 3 Zj f0;1; 29
4 6 Zs f0;1;2;4g
5 9 Zg f0;1;2;3; 69
6 13 Zi3 f0;1;2;3;6;10g
7 17 Zq7 f0;1;2,3,4,8,13g
7 20 Z3£Zs f(0;0;0);(0;1;1);(0;0; 2); (0; 0; 3); (0; 0; 4);
(1;0;1);(1;1;1)g
8 24 7o f0;1,2;4,8;,13,18 22y
8 25 ZZ f(0;0); (0;1);(0; 2);(0;3);(1;0);(2; 1); (3;2); (4; 3)g
9 30 Zji f0;1;,2,6;9;12 16,17, 18y
10 36 Zszg f0;1,4,5;7;,13 18, 23,28, 349
11 42 Zyp f0;1,11,12 18 22,24, 27,30, 32 369
12 56 Zsg f0;1;12 15 22,29, 32 43, 44;48,50,529
13 61 Zg f0;1;2;3;4;7,13,21; 29, 36,44, 52, 58
13 64 Z4£Z7Z56 1(0;0);(0;1);(0;2);(0; 3);(0;4); (0; 7); (0; 13);
(1;0); (1;8);(2;2); (2; 10); (3;4); (3; 12)g
14 72 Z f0;1;2;5;12,30,37,40,41; 42, 50; 56; 58; 649
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